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ABSTRACT OF THE DISCLOSURE

An arrangement is proposed for generating the permu-
tations of a set of input signals. The arrangement provides
for implementing an algorithm which embodies a plurality
of nested iteratively traversed functional loops. The outer
loop partitions the signals into fixed size subsets, and the
inner loops respectively comprise signal interchanging
routines for generating the permutations of a correspond-
ing subset of signals,

et e

This invention relates to digital calculating arrange-
ments and, more specifically, to a circuit combination
which generates each of the possible orderings, or permu-
tations, of a set of input items. _

Many investigations of practical interest require for
their solution the generation of each possible permutation
of a list of input quantities. Typical of these combinatoric
and topological inquiries is the well-known traveling sales-
man problem, wherein it is desired to find the shortest
route covering each of a fixed set of N cities identified
by the characters 0, 1, ..., N. A desirable route between
the N cities may be determined by first generating_ all
possible orderings of the 0 through N city designations,
and computing each corresponding route length by sum-
ming the distances between the cities identified by con-
tiguous city-identifying numerals. It then remains only

to select the path characterized by the minimum tour
length.

However, the solution of the above and other, similar
type problems is dependent upon some calculating struc-
ture for systematically generating the permutations of
the set of input items. Moreover, it is desirable that such
a calulator embody electronic circuitry in order o sim-
plify the interface between the permutation generating
arrangement and an appropriate work circuit which is to
operate on the permutations, such as an electronic adder to
compute the route lengths in the above-described traveling
salesman situation. However, a relatively simple and eco-
nomical electronic calculator for generating the permuta-
tions of an input lst has heretofore been undisclosed.

It is therefore an object of the present invention to
provide a calculating arrangement which generates each
of the possible permutations of a set of input quantities.

More specifically, an object of the present invention is
the provision of an electronic calculating arrangement
which rapidly and efficiently generates the permutations
of any size input list.

These and other objects of the present invention are
realized in a specific, illustrative calculating arrangement
which includes control circuitry for reading a list of input
quantities and a set of interchange characters into an
operand digital store, and a partition generator for sub-
dividing the input list into two approximately like size
disjoint subsets S; and S,. The interchange characters are
in effect instructions for directing certain of the operations
of the calculating arrangement,

The calculating arrangement further includes circuitry
for generating each of the possible permutations or order-
ings of the subset S; for each of the partitionings of the
input list effected by the partition generator. Such order-
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ings are generated by sequentially interchanging con-
tiguous subset quantities or elements, The various inter-
changes to be effected are specified by the interchange
characters contained in the operand store, Circuiiry is
also included for generating all of the permutations of
the subset S; by sequentially performing element inter-
changing operations for each of the S; subset orderings
generated by the S, subset permuting circuitry.

It is thus a feature of the present invention that a permu-
tation penerating arrangement include circuitry for read-
ing a list of input items into an operand store, circuitry
for generating a plurality of partitions of the input quanti-
ties Iinto two like size disjoint subsets S; and S,, circuitry
responsive to each partitioning of the input guantities
by the generating circuitry for efiecting a plurality of per-
mutations of the elements included in the S; subset, and
circuitry responsive to each permutation of the S; subset
for generating a plurality of permutations of the elements
included in the S, subset.

It is another feature of the present invention that per-
mutation generating circuitry comprise an operand mem-
ory for storing therein a set of input objects and a plurality
of interchange characters, and circuitry for sequentially
interchanging contiguous ones of the stored input objects
in accordance with the set of stored interchange characters,

A complete understanding of the present invention and
of the above and other features, advantages and variations
thereof may be gained from a consideration of the fol-
lowing detailed description of an illustrative embodiment
thereof presented hereinbelow in conjunction with the
accompanying drawing, in which:

FIGS. 1A and 1B respectively comprise the left and
right portions of a block diagram of a specific, illustrative
permutation generating arrangement which embodies the
principles of the present invention;

FI(G. 2 is a diagram depicting the information storage

pattern characterizing an operand store 20 included in
FIG. 1B: and

FIG. 3 is a signal flow diagram illustrating the func-
tional operation of the permutation generating arrange-
ment shown in FIGS. 1A and 1B.

Referring now to FIGS. 1A and 1B, hereinafter re-
ferred to as composite FIG. 1, there 1s shown a specific,
illustrative permutation generating arrangement for gen-
erating all the possible orderings of a set of N input
objects. The embodiment comprises an accumulator (AC)
register 15 and an MQ register 16 each connected to an
operand digital information store 20.

Information is read into the store 20 via an input-
output supervisory unit 18 responsive to enabling signals
supplied thereto by two read-in control units 3¢ and 31
and to input information applied over an input lead 24.
In addition, digital information 1s translated between the
AC and MQ registers 15 and 16, and the operand store
20, under control of a store accessing unit 17. The par-
ticular storage location activated by the store accessor 17
is, in turn, dependent upon the specifically enabled one
of a plurality of store-energizing control units 33 through
40, which are operative in conjunction wth three index
repisters A, B and C. In other words, the control units
33 through 40, which are operative in conjunction with
the index registers A, B, and C, control the store ac-
cessor 17 which, in turn, controls the translation of in-
formation between the AC and MQ registers 15 and 16,
and the operand store 20, The units 33 and 50 are
essentially identical, and only the latter has been illus-
trated in detail in FIG. 1. The sole significant difference
therebetween is that the units 33 and 50 are respectively
operable in conjunction with the index registers C and A.
Further, the two control units 33 and 36 are functionally
operative to translate digital information from the AC
register 15 to the index repgister B.
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An operation counter 12 is included in the FIG. 1
organization to sequentially energize the system control
units 30 through 44 in a normal top-to-bottom order.
The operation counter 12 may advantageously comprise a
five-stage binary counter and pulse distribution circuitry
connected thereto for enabling a selected control unit
when the digital count included in the counter corre-
sponds to the binary control number illustrated alongside
the control unit input lead in FIG. 1. Each time a par-
ticular control unit is enabled by the operation counter
12, the count of the counter 12 is increased by one such
that the following control unit may next be activated. In
addition, three testing control units 42 through 44 are
selectively operable to set the operation counter 12 to
the digital states 01011, 00100, and 00010, respectively,
such that the cconirol units 35, 33 and 32 will next be
enabled by the counter 12. The purpose of this will ba
discussed later.

At this point, the particular circuit functioning effected
by each of the control units 30 through 44 will be con-
sidered. Assume now, that it is desired to generate each
of the permutations of a list of N items applied over the
input lead 24, The input read-in control unit 30, which
1s first enabled by the operation counter 12, is operaiive
In conjuction with the input-output supervisory unit 18
to store the N items in digital form in N discrete address
locations in the operand store 20. The next unit energized
by the operation counter 12, viz., the interchange char-
acter read-in control umt 31, is adapted, along with the
input-cutput unit 18, to read a plurality of interchange
characters, also applied over the input lead 24, into a
plurality of contiguous storage locations which imme-
diately precede a store 20 address location ICHNGE
shown In the FIG. 2 illustration of the store 20. The num-
ber and particular nature of these characters is described
in detail hereinafter. It is noted that the control units 30
and 31 function solely to initialize the operand store 20,
and that these arrangements are enabled by the operation
counter 12 only once during the process of generating
all of the desired permutations.

The partition-generating control unit 32 operates to
subdivide the N input objects into two disjoint subsets Sy
and S; which contain the same, or nearly the same, num-
ber of elements. It will hereinafter be assumed that each
of the subsets S; and S, comprise N/2 elements. Each
time the partition generating control unit 32 is enabled
by the operation counter 12, it operates to generate a new
partitioning of the N input objects into two subsets S
and S5 each containing N/2 elements, and to store these

subsets in two storage lists each comprising N/2 locations

which respectively directly follow the store addresses S,
and S, illustrated in the FIG. 2 representation of the store
20. That i1s, the elements of the partitioned subset S,for
example, reside in the storage locations $;41, §;42, ...
S1+N/2. The control unit 32 may advantageously embody
a general purpose computing machine employing any of
the well-known algorithms for partitioning a set of ob-
jects. In this case, for each partitioning of the N elements,
the control unit 32 would simply read out the N elemernts
from the operand store 20, perform the desired partion-
ing, and then write the N elements back into the operand
store 20 in the new partitioned arrangement. Alternatively,
the unit 32 may comprise a memory arrangement which
specifically includes all of the

N
E)gt(i)!
2 )7\ 2

existing distinct partitions of the N input objects. In this
case, at the beginning of each permutation process, the
control unit 32 would generate each of the

—— e

N1
2)(2)
2 « ' '}E’ -

5

24

U

iy |
L}

0O

4

distinct partitions and store them in a memory pending
the time each is to be used in the permutation process. It

1s noted that the term
N
N 1 N ,
2 )5 )

represents the number of combinations of the N/2 items
taken from N, that is, the number of ways of separating
N items into two groups of N/2 items each. This is well
known in combinatorial analysis.

‘The composite 5, subset permuting control unit 33 is
functionally adapted to generate each of the possible
orderings of the subset S, each time a new partitioning of
the N input quantities is effected by the partition gen-
erating control unit 32, Similarly, the composite S, subset
permuting control unit 56 produces each of the orderings
of the subset S; each time a new permutation of the
subset S, is generated by the composite control unit 33.

With regard to the basic theory underlining the subset
permuting control units 33 and 58, I have discovered that
for every ordered set of & quantities, there exists a set of
k! interchange characters which can be used to designate
or produce the k! permutations of the & quantities accord-
ing to the procedure described below. Each interchange
character comprises a number a of a value 1<<a<k—1,
wherein a particular value of ¢ dictates an interchange of
the ath and the (a+1)th ordered elements of the set. For
example, 1f a set consists of the ordered elements 1, 2, 3,
and 4, the inlerchange characters 1, 3, and 2 would respec-
tively designate or generate the permuted sets 2, 1, 3, and
4; 2, 1,4, and 3; and 2, 4, 1, and 3. In generalized terms
for a set of k41 elements, the (k4-1)! interchange char-
acters ag . 3(/), 0<j<<(k+4-1)!—1 may be generated by the
recursive formulae:

. 1
ﬁﬁ(.’}):{g (1)

if j is odd otherwise; and
bif §%=0 or £!

.“‘ff. W N
ah<(?c-—l)![‘?;;f]+k~l—j*) if 7% > k! (2)

for k=3, where a,(x)=a,{x+r!), k*==k!4+(k—1)!, and
wherein j*=j—k (mod &k*) such that 0<<j* <k and [x] de-
notes the greatest integer not exceeding x. In the svin-
bology employed in Equation 2, ay, (/) is interpreted to
mean the j*™R interchange character for a set of k41 ele-
ments or quantities to be interchanged.

As noted hereinabove, the composite subset permuting
control units 33 and 50 respectively generate the permuta-
ttons of the subsets S; and S; each of which contains N/2
distinct elements. Accordingly (N/2)! positive inter-
change characters «; through

n(%) -1
(2)-

or less are required. Therefore, the aforementioned inter-
change character read-in control unit 31 is operative to
write the (N/2)! characters into the (N/2)! storage ad-
dresses which precede the address location ICHNGE
snown in FIG. 2.

The particular manner in which successive permuta-
tions of the subsets S; and Sy are generated may be
illustrated by considering the control units 34 through 40
associated with the element group S,. During the first
energization of the composite structutre 50, the

LX—(N/2)!—A

of a value of
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control unit 34 operates to load index register A with the
digital number (N/2)!. This number could either be ap-
plied over the lead 24 to the control unit 34 or computed
by the control unit 34 from information applied over the
lead 24. The CLA—IC—A control unit 35, which is next
enabled by the operation counter 12, clears the accumu-
lator 15 and adds thereto the contents of an operand store
20 address corresponding to the location ICHNGE less
a number of storage locations equal to the digital integer
contained in the index register A. Since the register A ini-
tially contains the number (N/2)!, the control unit 35 1s
adapted to place the contents of storage address «y shown
in FIG. 2, which is (N/2)! storage locations back of the
address ICHNGE, in the accumulator 15. The digital
word stored in the address «p is the first element inter-
change character a, and, accordingly, this number I8
placed in the AC register 15.

The next following PNA—B control unit 36 functions
to place the negative of the number in the accumulator
15, viz., —a,, in the index register B. The CLA—5,—8
control unit 37 is then operative to ciear the accumulator
15 and add thereto the contents of a storage address cor-
responding to the locations 8, minus a number of ad-
dresses equal to the number contained in the index regis-
ter B. Since the register B contains the digital number
—a,, the input quantity contained at the operand store
20 address Sp-+-ay, viz., the ggth element of the subset S,,
is placed in the accumulator register 15. In a similar man-
ner, the LDQ—S,-+1—B control unit 38 is operative to
load the MQ register 16 with the contents of a storage
address corresponding to the location Sp+1 minus the
integer contained in the index register B. This address,
viz., Sp4+-1—(ay) =S5+ (lap]4-1), contains the (ay-41)th
element of the subset S..

The succeeding STO—S,--1—B control unit 39 func-
tions to store the contents of the AC register 15, in this
case the agth element of the subset S, in an address in the
store 20 corresponding to the location Sy;+1 minus the
contents of the index register B, which is the address
8o+ (ag+1). This corresponds to the location previously
occupied by the (ag-+1)th element of the subset Sy, Simi-
larly, the STQ—Sy3—B control unit 40, which comprises
the final S, subset permuting structure, stores the con-
tents of the NQ register 16, in this case the (aq;+1)th
element of the subset S, in the address Si-}a, which
previously contained the ggth element of the S; subset.

Thus, it may be observed that the control units 34
through 40 have effected the desired result of interchang-
ing the storage locations of the goth and the (@y+1)th ele-
ments of the subset S, in accordance with the interchange
character g, contained in the operand store 20. It is noted
that the control units 34 through 40, along with others
of the control units shown in FIG. 1, may advantageously
comprise pulse distribution circuits for generating signals
to effect the corresponding circuit functioning or, alter-
natively, may comprise a plurality of stored binary digits
followed by a common command decoder embodiment of
any of the types well known in the art. Typical of such
control circuitry is that discussed in Ledley, R. S., “Digital
Computer and Control Engineering,” McGraw-Hill, 1962,
on pages 28, 30 through 32, 553 and 554.

An index register testing and decrementing control unit
42 shown in FIG. 1 is operative to examine the contents
of the index register A. If register A contains a digital
number greater than 1, which condition indicates that
each of the (N/2)! possible orderings of the subset S,
has not been generated, the unit 42 functions to decrease
the contents of the index register A by 1, and also to write
the binary number 01011 into the operation counter 12.
The counter 12 will hence next enable the CLA—IC—A4
contro! unit 35, thereby causing the next permutation of
the subset S; to be generated in accordance with the next
interchange character stored in the operand store 20.

When the testing control unit 42 detects a digital 1

stored in the register A, which indicates that each of the
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(N/2)! permutations of the subset S; has been produced,
the unit 42 is inactive hence permitting the operation
counter 12 to next enable the index register C testing and
decrementing unit 43. The unit 42 may comprise any
digital comparator and subtracting circuitry well known
in the art, or such structure may be included in the as-
sociated index register A. In this latter case, the control
unit 42 would simply comprise a pulse distribution ar-
rangement.

The two remaining testing units 43 and 44 are similar
in organization to the control unit 42, and are adapted to
respectively determine if each of the (N/2)! permuta-
tions of the subset S;, and the

N
(55

partitions of the N input items, have been produced. More
particularly, the index register C testing and decrementing
unit 43 operates to transfer control to the §; subset per-
muting control unit 33 and to decrement the register C
by 1 if this register contains a digital pumber greater than
1. If the contents of the index register C is 1, the unit
43 is inactive, hence indicating that all permutations of
the subset S, have been produced.

Similarly, the partitioning test unit 44 places the digital
word 00010 in the operation counter 12 when less than the

()

possible partitionings of the N input quantities have been
generated by the control unit 32. Conversely, if all the
possible partitionings of the input list have been exbausted,
the control unit 44 is inactive, hence indicating that each
of the N! permutations has been produced. To determine
whether all possible partitionings have been generated,
the partitioning test unit 44 examines an index number
which is stored in the operation store 20 by the parti-
tion generating control unit 32 and which indicates the
number of possible remaining partitionings of the input
list. When this index number indicates that there are zero
remaining partitionings, the partition completion test
control unit 44 becomes inactive as indicated earlier.

An output utilization control unit 41 is employed in
the FIG. 1 organization to operate on the permuted input
items in the particular manner desired. For example, if
the aforementioned traveling salesman problem were be-
ing investigated, the output control unit 41 would be op-
erable to sum the route distance in accordance with the
path indicated by the particular ordering of the citics, as
given by the S; and S, permuted subsets stored in the
operand store 20,

The over-all functioning of the FIG. 1 arrangement
may be more clearly understood by referring to the signal
flow diagram therefor illustrated in FIG. 3. The numerals
shown in parentheses in each of the functional blocks
included therein correspond to the similarly designated
FIG. 1 control units and operational circuitry which most
directly participate in the performance of the correspond-
ing function.

Starting at the upper portion of FIG. 3, a list of N input
items and (N/2)! interchange characters are first read
into the operand store 20. Then, the N input quantities
are partitioned into two like size disjoint subsets §; and
S,, and stored in the corresponding locations 5,41
through S;+(N/2) and Ss;+1 through S+ (N/2) 1llus-
trated in FIG. 2. Next, one permutation of cach of the
subsets S; and S, is generated, and the output task of
interest is performed upon the over-all ordering of the §,
and S, subgroupings of the N input items. Responsive
to the completion of the output operation, the next per-
mutation of the subset S, is effected, with the output
utilization control unit 41 being enabled by this new or-
dering. This functional cycling, indicated as operational
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iwoop 1 in FIG. 3, continues until all orderings of the sub-
set 5; have been produced. When all the permutations of
the subset S; have been completed the next, or second or-
dering of the subset S; is effected. Following this, each
of the (N/2)! permulations of the subset S, are again
produced by operational loop 1, with the output unit 41
again being operative responsive to each ordering of the
N 1oput items,

The above-described circuit functioning, identified as
operative loop 2 in FIG. 3, recurs until each of the possi-
ble permutations of the subset S; has been generated. As
noted above, functional loop 1 is respectively executed
(N/2)! times for each of the (N/2)! translations through
the loop 2. Hence, a total of

(2)-(2)

permutations are generated for each partitioning of the
N input quantitics.

Each time loop 2 has been executed the full (N/2)!
cycles, system control is rcturned to the partition generat-
ing control unit 32 to effect the next partitioning of the
N input objects. This circuit functioning corresponds to
outer operative [oop 3 tllustrated in FI1G. 3,

As mentioned heremnabove, N distinct objects may be
combined into two disjoint subsets of N/2 elements each
a total of

(5

ways, Thus, the middle operative loop 2 is traversed

N! (.N ), N
N - (N
() ()" ) (3)
times, and the tnnermost loop 1 is exccuted
N ”
( )($)< )( )—k
(1)

times, which corresponds to the total number of possible
permutations of the N objects. It should be noted that the
most often emploved circuit operations, viz., those in-
cluded within the confines of the loop 1, are relatively
simple and are adapted to generate the permutations of
oniy N/2, ratiier than N quantities. This may be more
forcefully illustrated by canmdermg that 10! equals
3,628,800, while (18/2)! is only 120. Also, it is ob-
sarved that if ¥N=10 in the FIG. 1 arrangement, only
N/21=120 storage locations must be included in the oper-
and store 20 to contain the interchange characters a
through aye. However, if permutations were directly gen-
erated on the 10 mput items by the hereinconsidered in-
terchange method, 3,628,800 interchange character stor-
age locations would be required, and this number of stor-
age locations is prohibitively large,

To further iliustrate the circuit operation of the FIG. 1
permutation generating embodiment, assume now that it
18 desired to generate the permutations of six input items
respectively designated by the reference numerals 1, 2, 3,
4, 5, and 6 which are applied over the input lead 24. Ac-
cordingly, the input list read-in control unit 30, when ener-
gized by the operation counter 12, causes the input-output
unit 18 to place the six input numbers in the store 20 in
digital form. The next enabled control unit 31 operates
to place the interchange characters 2, 1, 2, 1, 2, and 1,
generated 1n accordance with Equation 1 and applied
over the input lead 24, into the (6/2)!, or six storage loca-
tions beginning with «, which precede the address
ICHNGE shown in the FIG. 2 replica of the operand
store 20.

ot
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After the above-described initialization of the store 20
is completed, the control unit 32 generates the first
partitioning of the six input guantities into like size
subsets §; and S,. For purposes of illustration, assume
that the items 1, 2, and 3, aand 4, 5, and 6 respectively
embody the subgroups S; and S,. Accordingly, these
items are respectively placed in the storage addresses
S1+1, S1+42, and 8,43, and Sy-+1, 5342, and S,-+ 3.

Following the above partitioning process, the S; subset
parmuting control unit 33 is adapted to set the jndex
register B to (6/2)!=6, and also to generate the first
permutation of the subset Sy in accordance with the first
interchange character, viz., the number 2, which is con-
tained at the storage location «y. Hence, the unit 33
functions to interchange the second and third elements
of S5; to produce the newly ordered §; subgrouping 1, 3
and 2. The precise operation of the unit 33 identically
parallels that given above in detail for the S, permuting
unit 50,

The control units 34 through 40 included in the com-
posite arrangement 50 are functionally adapted to gen-
erate a new ordering ot the subset S; during each execu-
tion thereof. During the first energization of these units,
the LX—(N/2)!—A4 control unit 34 loads the index
register A with the digital number (6/2)!=6. Then the
interchange character 2, contained in the oy storage loca-
tion ICHNGE-6 is supplied to the accumulator register
153 under comtrol of the CLA~IC—-A unit 35, and a
—2 13 written into the index register B by the PNA—B
control unit 36.

the CLA--8—08 and LDQO-5,-I-1—B control units
37 and 38 are next sequentially operative to translate the
Sy subset element characters 5 and 6, contained at the
Sq subset storage addresses S34+2 and (85;-+1)4-2=5,4-3,
into the AC and MQ registers 15 and 16 respectively.
Finally, the STO—S;-+41—B and STQO—S,—B control
units 39 and 4@ respectively place the S, subset char-
acters 3 and 6, included in the AC and MQ registers 15
and 16, into the storage locations $.+3 and S,+2.
Hence, the permuted S, elements contained in the store
20 address locations Sy+4-1 through S9--3 comprise the
ordered numerals 4, 6, and 5 and, moreover, the entire
six-element input list contained in storage locations
§1+1 through §;+3 and S;41 through S,+3 comprises
the ordered group 1, 3, 2, 4, 6, and 5.

The operation counter 12 next enables the output
utilization conirol unit 41 which operates on the above-
enumerated permuted input set in accordance with the
particular investigation under consideration, Upon com-
pletion thereof, the testing unit 42 examines the index
register A, and determines that the number stored therein,
viz., a digital 6, is greater than 1. Accordingly, the unit 42
subtracts a 1 from the contents of register A leaving a
digital § therein, and writes a 01011 binary word in the
operation counter 12,

The counter 12 hence next energizes the CLA—IC— A
control unit 35 which is at this time operative to place
the digital 1 stored at the «; address location ICHNGE-5
into the accumulator register 15. The control units 36
through 40 then function to reverse the storage loca-
tions of the elements contained in the addresses Sy;--1
and 5,42 in the manner described above, such that the
new permuted S5 subset, ie., 6, 4, and 5, now resides in
the storage locations S,-4-1 through S5+ 3.

The above mode of operatmn which corresponds to
functional loop 1 shown in FIG. 3, cychca]ly recurs until
the testing unit 42 detects a digital 1 in the index repister
A, which indicates that all six permutations of the three
S, subset elements have been produced. At this point, the

next-enabled testing generator 43 determines that the
index register C, associated with the S; subset permuting
arrangement 33, contains a digital 6 therein, which num-
ber i1s greater than 1. Hence, the unit 43 decreases the
contents of the register C by 1, and transfers system con-
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trol via the operation counter 12 to the unit 33 to gen-
erate the next permutation of the S; subset, Responsive to
this and each following S, subset ordering, each of the
six permutations of subset S; is again produced by the
above-described permuting coatrol unit 30.

When all six of the S; subset orderings have been
effected, which corresponds to an exhaustion of the func-
tional loop 2 shown in FIG. 3, the conirol unit 43 passes
conirol to the partition testing unit 44. At this time, the
unit 44 determines that only one of the

6!
()
2/ °\2/
partitions of the six input objects has been effected. Ac-
cordingly, the unit 44 writes a 00010 binary word inta
the operation counter 12 which hence next enables the
partition generating control unit 32. The control unit 32
then generates the next partitioning of the six 1nput ob-
jects, and the S; and S, subset permuting arrangements
33 and 50 are again repetitively operative in the above-
described manner.

When all twenty partitionings of the input list have
been performed, corresponding to a completion of func-
tional loop 3 shown in FIG. 3, each of the desired per-
mutations has been effected and the FIG. 1 arrangement
is correspondingly rendered inactive. Moreover, it Is 0b-
served that the FIG. 1 permutation generating arrange-
ment has produced the 6! orderings of the six-element
input set in a rapid and relatively simple manner, in that
the most often utilized control units, viz., the units 35
through 40 included in the S; permuting unit 50, accom-
plish a relatively simple digit interchange aoperation on a
small subset containing only three elements.

It is noted at this point that while the FI1G. 1 arrange-
ment was depicted as comprising two like size partitioned
subsets S, and 8,, such partitioning is not restricted either
to two subsets, or to like size subgroupings. In general
terms, a set of N input objects may be partitioned 1nto |
subsets, with j sequentially-operated subset permuting units
and j testing control units replacing the corresponding
pairs of arrangements 33 and 50, and 42 and 43 shown in
FIG. 1. In addition, each of the j partifiond subsets may
comprise any number of elements, although the over-all
arrangement is most efficiently operated when such subset
sizes are selected to be nearly equal in size, However, in
general terms, a different list of interchange characters
must be included in the operand store 20 for each different
size subgrouping.

To summarize, an illustrative calculating arrangement
made in accordance with the principles of the present
invention embodies a plurality of nested iteratively-tra-
versed functional loops to generate the permutations of
N objects. The outer loop partitions the N objects into
fixed size subsets, and the inner loops respectively com-
prise element interchanging operations for generating per-
mutations of a corresponding subset of the input items.

The arrangement generates permutations at a rapid rate
by reducing the problem of large N to one of small N.
In addition, the embodiment requires a relatively small
amount of storage capacity which is effectively independ-
ent of the magnitude of the input list,

It is to be understood that the above-described ar-
rangement is only illustrative of the application of the
principles of the present invention. Numerous other ar-
rangements may be devised by those skilled in the art
without departing from the spirit and scope thereof,

What is claimed is:

1. In combination, digital storage means, means for
writing a plurality of input quantities into said storage
means, means for generating a plurality of partitions of
said quantities into two disjoint subsets 5; and Sz, means
responsive to each partitioning of said input quantitics by
said generating means for effecting a plurality of per-
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mutations of the quantities included in snid Sy subset, and
means responsive to each permutation of said 5; subset for
cenerating a plurality of perimutations of the quantiiies in-
cluded in said S, subset.

2. A combination as in claim 1, wherein each of said
S, and S, subset permuting mieans comprises means for
reading a plurality of interchange characters into said
storage means, and means for scquentially interchanging
the storage locations of selected subset quantiiies 1 ac-
cordance with sequentially selected ones of said inter-
change characters,

3. A combination as in c¢laim 2 wherein each of said
S, and S, subset permuting means further comprises an
associated index register, and wherein said quantity inter-
changing means includes means operative in accordance
with said selected interchange character contained 1n a
storage location specified by said associated index reg-
1ster.

4. A combinaticn as in claim 3 further comprising
means for testing and decrementing said index registers
included in said S; and S, subset permufing means,

5. A combination as in claim 4 further comprising out-
nut utilization means operative in response to each unique
ordering of said input quantities generated by said 5, and
Sq subsct permuting means,

6. A permutation generator comprising operand stor-
age means, means for writing a plurality of input quanti-
ties into said storage means, means containing a plurality
of quantity inlerchanging charucters, and means for se-
quentially interchanging the storige locations of only
two at a time of said input quantities in accordance with
said element mterchanging characlers,

7. A combination as in claim 6 wherein said sequential
quantity interchanging menns comprises an index register,
meens for interchanging the storage locations of two adja-
cent quantities in accordance with a selected interchange
character specified by said index register, and means for
iteratively changing the contents of said index regisler
and for enabling said adjacent guantity interchanging
means,

8. A combination as in claim 7 wherein said stored
interchange characters are specified by a;(j)=1 and 2
when j is respectively odd and even, anrd

% if 7%=0 or k!
S
. axl (h—1 ![L— k *) ¥ L
ax+1(J) = h(( ) k* J <
a-k({kﬂl)! -7%§]+k+j*)if FES R
for k>3, when a(x)=a {x3-r"), k¥*=kl4(k—1)],

wherein j*=j—k (mod &*) such that 0=<j*<k*™ and [x]
denotes its greatest integer not exceeding x, and where
ap.1(j) identifies the jth interchange character correspond-
ing to a set of k-1 input quantities, with & and j being
independent positive integers such that

O<j<k—1
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