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3,271,565
SYSTEM FOR DETERMINING THE ORBITAL PA-
RAMETERS OF A TERRESTRIAL SATELLITE
Ralph B. Blackman, Cranford, N.J., assignor to Bell Tele-

phone Laboratories, Inc.,, New York, N.Y., a corpora-
tion of New York

Filed Jan. 16, 1962, Ser. No. 166,612
13 Claims. (CL 235—132)

This invention relates to tracking systems for follow-
ing the motion of a terrestrial satellite, and in particular
to a system for determining rapidly and accurately the
orbital parameters of a satellite during its motion about
the earth.

A number of world-wide communications systems em
ploying earth satellites in random orbits have been pro-
posed, in which the satellites serve as relay stations for
transferring information between widely separated trans-
mitter and receiver stations located on the earth’s sur-
face. In such systems, a satellite serves to relay informa-
tion between a pair of earth-based stations during those
portions of its orbit when it is mutually visible to the
communications antennas at the two stations. Since a
satellife in a random orbit appears to follow a different
path with respect to a fixed point on the earth’s surface
during each of its revolutions about the earth, the future
positions of a satellite in its orbit about the earth must
be continuously predicted in order to control the orienta-
tion of earth-based communications antennas to point at
a satellite during each period of mutual visibility. For a
description of a system for generating antenna orienta-
tion orders from predictions of future satellite positions,
see the article by R. Klahn, J. A. Norton, and J. A.
Githens, “Antenna Steering System,” volume 40, Bell
System Technical Journal, page 1207 (1961). In addi-
tion, the small size of a satellite and the large earth-to-
satellite distances make it necessary to predict future posi-
tions with an extremely high degree of accuracy in order
to maintain continuous, reliable communications. Fur-
ther, the relatively rapid motion of a satellite in its orbit
about the earth requires that predictions of future satellite
positions be made rapidly as well as accurately.

A number of different sets of equations of motion for
predicting future positions of a satellite are well known;
for example, see the equations given by R. A. Struble in
“A Geometrical Derivation of the Satellite Equations,”
volume 1, Nos. 3 and 4, Journal of Mathematical Analysis
and Applications, page 300 (1960), and “The Geometry
of the Orbits of Artificial Satellites,” volume 7, No. 2,
Archive for Rational Mechanics and Analysis, page 87
(1961). In order to utilize these equations, however, it
is first necessary fo determine the unknown quantities ap-
pearing in the equations. These unknown quantities are
the so-called *“orbital parameters” that define the satel-
lite’s orbit, and the speed and accuracy with which pre-
dictions of the future positions of a satellite are made
depend directly upon the speed and accuracy with which
the orbital parameters are determined.

It is a specific object of this invention to determine
the orbital parameters of a satellite with speed and ac-
curacy, thereby enabling predictions of future satellite
positions to be made with speed and accuracy.

For a satellite in a Keplerian orbit about the earth,
there are six orbital parameters to be determined, and in
the absence of observational errors, only six independent

Pt

measurements of a satellite’s position during its orbit

about the earth would be needed to determine the six
orbital parameters with perfect accuracy and relatively
high speed. Observational errors, however, make it
necessary to obtain a large number of measurements in
order to derive sufficiently accurate estimates of the
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orbital parameters. At the same time, a large amount of
observational data presents a severe problem in obtaining
estimates rapidly as well as accurately.

It 1s another object of this invention to derive esti-
mates of the orbital parameters of a satellite with speed
and accuracy from a large amount of observational data.

The observed data from which the present invention
derives estimates of the orbital parameters with speed and
accuracy comprise a series of measurements of three
quantities describing the position of a satellite relative to
an observation sation on the earth’s surface: slant range,
elevation angle, and azimuth angle. These three quanti-
ties are measured at various instants of time during each
“pass” or period during which the satellite is visible
to the observation station, and from the observed data
for each pass the present invention derives a set of so-
called “best estimates™ of the six orbital parameters at a
specific “reference time” during each pass.

In order to derive a set of best estimates of the orbital
parameters, the observed data for a single pass are sub-
jected to a first coordinate conversion that refers each of
the satellite’s observed positions during a pass to an in-
ertial, rectangular coordinate system (x,y,z) whose origin
is located at the center of the earth, and whose horizontal
x and y axes lie in the earth’s equatorial plane. By a
system referred to as “smoothing,” best estimates of those
two of the six orbital parameters which define the orien-
tation of a satellite’s orbital plane in space are derived
from the series of converted satellite position data: the
angle of inclination, which is the angle between the or-
bital plane of the satellite and the equatorial plane of
the earth; and the longitude of the ascending node, which,
is the angle between the x axis and the line of nodes or
lines of intersection between the orbital and equatorial
planes. |

The best estimates of the two orbital orientation angles
are employed to perform a second coordinate conversion
upon the observed data, from the three-dimensional rec-
tangular coordinate system (x, y, z) to a two-dimensional
polar coordinate system (r, 8), whose origin is also at the
center of the earth and whose coordinates r, ¢, lie in the
orbital plane of the satellite. Smoothing, followed by
so-called “averaging,” is applied to the observed data after
the second coordinate conversion to derive so-called “first™
estimates of the four remaining orbital parameters: the
radius of the satellite from the center of the earth; the
central angle of the satellite, measured from the line of
nodes to the radius of the satellite; and the first derivatives
of the radius and the central angle. To obtain best esti-
mates from the first estimates, the first estimates are proc-
essed by a system referred to as “trend removal,” which
1S an iterative system for generating a series of increas-
ingly accurate sets of estimates of the four remaining
orbital parameters. The differences between successive
sets of estimates are automatically compared against a
preassigned standard of precision, and when the differ-
ences attain this degree of precision, the last set of esti-
mates 1s defined to be the set of best estimates of the
four remaining orbital parameters. These four best esti-
mates, together with the two previously obtained best esti-
mates of the orbital orientation angles, constitute the set
of best estimates drived by this invention from the ob-
served data for a single satellite pass.

Although highly accurate predictions may be made di-
rectly from the best estimates of the orbital parameters

~ derived from the observed data for a single pass, the

present invention provides a system for further improving
the accuracy of the orbital parameter estimates. In this
system, the sets of best estimates from two different passes
are combined in a specific weighted average to obtain a
single set of so-called “refined” estimates which is more
accurate than either of the two sets of best estimates. In
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order to combine two sets of estimates from different
passes 1n this system, two things are necessary: variances
and covariances of each set of best estimates must be
obtained; and the two sets of estimates, and their vari-
ances and covariances, must be referred to the same refer-
ence time, preferably by adjusting the earlier of the two
sets of estimates, variances and covariances to the refer-
ence time of the later set of estimates, variances and co-
variances. After obtaining the variances and covariances
of each set of best estimates from quantities generated
during the process of deriving best estimates, the earlier
set of best estimates is adjusted to the reference time of
the later set of best estimates by using appropriate equa-
tions of motion, and the earlier set of variances and co-
variances is adjusted to the later reference time by using
a special Jacobian matrix equation.

The system for combining sets of best estimates to ob-
tain a set of refined estimates is also very rapid, and in-
creases by only a small amount the overall time required
to obtain a set of estimates of the orbital parameters from
observed data. More important, the set of refined esti-
mates 15 sufficiently accurate to ensure reliable communi-
cations through the generation of highly accurate orienta-
tion orders for directing earth-based communications an-
tennas to point at an orbiting satellite.

The invention will be fully understood from the follow-
ing detailed description of illustrative embodiments thereof
taken in connection with the appended drawings, in which:

FIGS. 1A, 1B, 1C 1D, and 1E are geometrical diagrams
showing the relationships between an observational co-
ordinate system and an inertial geocentric coordinate sys-
tem,;

FIGS. 2A, 2B, 2C, and 2D are geometrical diagrams
showing the relationships between an inertial geocentric
coordinate system and a polar coordinate system in the
orbital plane of a satellite;

FIG. 3 is a schematic block diagram showing a coms-
plete system for obtaining refined estimate signals from
radar tracking signals;

FIGS. 4A and 4B are schematic diagrams showing appa-
ratus for obtaining binary pulse signals from radar track-
ing signals;

FIG. 5 1s a schematic diagram showing apparatus for
storing signals during the operation of this invention:

FIG. 6 1s a schematic diagram showing apparatus for
smoothing signals in accordance with the principles of this
invention;

FIG. 7 1s a schematic diagram showing apparatus for
averaging signals in accordance with the principles of this
invention;

FIG. 8 is a schematic diagram showing apparatus for
performing the trend removal operations of this inven-
tion:

FIGS. 9A and 9B are schematic diagrams showing appa-
ratus for obtaining a set of refined estimate signals from
two sets of best estimate signals;

FIGS. 10A and 10B are schematic diagrams showing
apparatus for deriving the variance and covariance signals
assoctated with a set of best estimate signals; |

F1G. 11 is a schematic block diagram showing apparatus
for combining two sets of best estimate signals and their
associated variance and covariance signals to form a set
of refined estimate signals and an associated set of vari-
ance and covariance signals;

FIG. 12 is a schematic diagram showing apparatus for
E:ontrolling the operations of other components of this
1invention; and

FIG. 13 is a pulse diagram showing the relationships
between the times of occurrence of the clock pulses pro-
duced by clock pulse generator 39.

| The following outline will be of assistance in follow-
ing the detailed description given below.

Part 1—Theoretical Principles—FIGS. 1A, 1B, 1C, 1D,
1E, 2A, 2B, 2C, 2D
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I. Determination of a Set of Best Estimates of the
Orbital Parameters from Observational Data for
a Single Pass
A. Introduction
B. First Coordinate Conversion
C. Smoothing and Averaging
D. Determination of Orbital Orientation Angles
E. Second Coordinate Conversion
F. Trend Removal
II. Combination of Best Estimates from Two Differ-
ent Passes to Derive a Set of Refined Estimates
A. Introduction
B. Determination of Variances and Covariances
C. Adjustment of Reference Time
D. Minimizing of Variances to Derive Refined
Estimates |
Part 2—Apparatus Embodying Theoretical Principles—
FIGS. 3 through 13

PART 1—THEORETICAL PRINCIPLES

I. Determination of a set of best estimates of the orbital
parameters from observational data for a single pass

A, INTRODUCTION

Referring to FIG. 1A, consider a terrestrial satellite
S in its orbit about the earth. At an arbitrary point B
located on the earth’s surface, a suitable tracking appara-
tus, for example, a conventional radar system, measures
the positions of the satellite at various times during the
period that the satellite is visible to the tracking appara-
tus at the point B. In each of a satellite’s revolutions
about the earth, the period of time during which it is
visible to a point B on the earth’s surface is called a
“pass,” and the observed positions of a satellite during
a pass are typically measured with respect to the point
B at which the tracking apparatus is located. Each of
the observed positions of the satellite during a pass may
be expressed, for example, in terms of the following three
quantities: slant range D, measured from B to the satel-
lite; elevation angle E, measured from the horizontal
plane, which is tangent to the earth at the point B, to
the satellite; and azimuth angle A, measured from the
cast direction at the point B to the projection of slant
range in the horizontal east-north plane. Each tfriplet of
numbers (Dy,E;,A;) measured during a pass defines the
position of a satellite in space at a specific time t; with
respect to the point B on the surface of the earth, and
the chronological sequence of number triplets

{(D:E:A)}"Z(DIIEI:AI): (DZJ‘EZJ'Az): s uy (Dn:’En:An)

generated by the tracking apparatus at specific times t,
I3, . . ., Iy during each pass constitutes the observed data
from which the present invention derives best estimates of
the orbital parameters of a satellite. It is to be under-
stood, however, that the spacing in time between consecu-
tive number triplets may not be uniform, due, for ex-
ample, to the rejection of number triplets that are obvi-
ously erroneous when compared with adjacent number
triplets.

It is well known that for a satellite in a Keplerian
orbit, there are six parameters, often referred to as orbi-
tal elements, which define the orbit and establish future
p_ositions of the satellite. In the present invention, these
SIX parameters comprise the nodal longitude and the in-
clination angle, which determine the orientation of a
satellite’s orbit in space, and each of the components of
a two-dimensional position vector and a two-dimensional
x{elocity vector, which determine the motion of 2 satel-
lite in its orbit at any instant. If measurements of the
observed positions of a satellite were entirely free of er-
ror, then six independent quantities measured during a
single pass would suffice to determine the six orbital pa-
rameters; for example, either the three quantities D, E
aﬁn‘d A measured at two different times, or the two quan:
tities E and A measured at three different times would
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suffice. Because of observational errors, however, many
measurements must be made in each of a number of dif-
ferent passes in order to determine the orbital parame-
ters with a sufficiently high degrees of accuracy.

In the present invention, a set of so-called “best esti-
mates” of the six orbital parameters is derived from the
observed data for each of a number of individual passes,
and the sets of best estimates from several passes are
combined to form a single set of so-called “refined esti-
mates” whose accuracy exceeds the accuracy of the indi-
vidual one-pass sets of best estimates. By using the set
of refined estimates in suitable equations of motion, a
highly accurate prediction of the future course of the
satellite 1s made.

Before deriving a set of best estimates of the orbital
parameters from the observed data for a single pass, each
of the elevation angle measurements obtained during the
pass must be corrected for atmospheric refraction, in ac-
cordance with the well-known formula,

where E; is a measured elevation angle at a time #, &,
is the constant of mean refraction, and E;" is the corre-
sponding corrected elevation angle.

B. FIRST COORDINATE CONVERSION

After correcting each of the elevation angle measure-

ments, it 1s desirable to convert each of the observed
number triplets (Dy,E;’,A;) obtained at a time ¢; during
a pass Into a coordinate system that is more convenient
for deriving best estimates of the orbital parameters.
One such system 1s an inertial geocentric system, which,
as shown in FIG. 1A, is a rectangular coordinate system
(x,y,z) having its origin at the center of the earth, O, its
vertical or z axis coincident with the spin axis of the
earth, and its x and y axes lying in the equatorial plane
of the earth but independent of the earth’s rotation about
its spin axis, where, for convenience, the orientation of
the x axis may be referred to the first point of Aries as
of 1950.0.

Conversion of each number triplets (Dy,E;A;) into
an inertial geocentric coordinate system may proceed in
accordance with the following equations:

Resolve the slant range D; into a vertical component V;
and a horizontal component Hj, as shown in FIG. 1B,

Vj=Dj sin iEj’ (2&)
H;=D; cos Ej’ (2b)

Resolve the horizontal slant range component, H;, into
its north component, N;, and its east component, Fi.

Ni=H, sin A; (3a)
Fj‘:Hj COS Aj (3b)

Rotate the vertical and north axes, V and N, through the
angle ® about the F axis into the new axes V' and N’, as
shown in FIG. 1C. & is the known angle between the
equatorial plane of the earth and the angle between the
tangent to the earth at the point B, and is determined
by the latitude of the point B on the earth’s surface.
As a result of this rotation, the vertical and north com-

ponents V; and Nj are referred to the new axis to be-
come

Vi=-—Nj sin &-}-V; cos &
Nij’=Njcos ®-}V; sin ®

(4a)
(4b)

Translate the orlgm from B to the center of the earth,
O, as shown in FIG, 1D, to convert the (F, N’, V’)
coordmate system to an earth-fixed rectangular co-

ordinate system (x., Yo, Z) Whose z axis is coincident
with the spin axis of the earth. In the (xq, Ve, 2) sVs-
tem the Fj;, Nj', V;' components become

2=V +R, (5a)
J’ej=Nj+Ry (5b)
xej=Fj (SC)
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6
As shown in FIG., 1D, the distance R between O and B
is the radius of the earth at the point B and

(Rz)%+ (Ry)*=R?

Compensate earth-fixed geocentric components ye; and
xej for the rotation of the earth about its spin axis at

an angular rate »=7.29X10-° radians per second, as
shown in FIG. 1E,

Yi=Ve; COS (wfjtFka)—xXe; sin (wtj+-ka) (6a)
Xj==Xej COS (wfj-+kp)+ye; sin (wtj-+-ka)  (6b)

where f; is the specific time at which each original num-
ber triplet (D;, E;, A;) was obtained, and may be meas-
ured from a suitable reference time, for example, from
the beginning of a pass, ks is a constant to account for
the first position of Aries or some other suitable reference
point in the equatorial plane. |

As a result of the above coordinate conversion, each
of the positions of a satellite during a pass is defined by
a number triplet (x;, y; z;) referred to an inertial geo-
centric coordinate system (x, y, z), instead of a number
triplet (D, E;, A;) referred to the earth-bound location
of the tracking apparatus. Since each number triplet
of inertial geocentric components (xj, ¥;, z;) may be
considered to be the components of a three-dimensional
position vector, pj, as shown in FIG. 2A, the above co-
ordinate conversion may also be considered as replacing
the chronological sequence of observed number triplets
(Dln EI: Al): (D2: EZ: AZ)a « v sy (Dni Em An) with a
chronological sequence of inertial geocentric position
vectors {p}=1{p1, Pa . . - , Pny With coordinates (x;’, y,"
Zl), (-x2: Y2, Zz): * o+ (xn: Yn, ZI].): respectively.

C. SMOOTHING AND AVERAGING

Before proceeding further to derive best estimates of
the six orbital parameters, it is convenient at this point
to define the so-called “smoothing” and “averaging” op-
erations to be performed in this invention. First, let
the components of the chronological sequence of posi-
tion vectors {p} for a single pass be denoted {x}, {y},
{z}, and let the corresponding times of observation of
these position vectors be denoted {r, f5, . . ., t,),
where it is understood that the spacing between consecu-
tive times of observation is not necessarily uniform.
Further, let the sequence {£}={%&, &, ..., &} repre-
sent any one of the three sequence of components {x},
iy}, {2}, of the sequence of position vectors. Divide the
sequence {£} into two subsequences, each containing m
components {£, &, . . ., ém}, and {&m,1, fmya -

foms. If n is even, then n=2m, but if »n is odd, omit tile
middle component

Em-:-l

2

of the original sequence {¢} and start the second subse-
quence with the component

&n
2+I+ 1= Sm+l

_ From the two subsequences of components, this inven-
tion defines smoothing to be the forming of two new se-

Jqucnces {nc}={0:1, X2s « o o “111}: and {ﬁ}:{ﬁla B2,
. 5 Bm}, Where

m

1 .
_§(Ej+£m+j)1 j—']-: 2, s o+ 8 ) (7&-)

and
Sm-{-i - Ei

B; = vj=1,2,. .., m

(7b)
In addition, from each of the two new sequences defined
by Equations 7a and 7b this invention defines averaging
to be the forming of two new quantities, « and B, in ac-
cordance with the following equation:

1 m
Y=— D Vi
mlz=17 | (8)
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that is,
LS
a=—_ ,0;
mi=i !
and
1 m
B=E;‘,Bj
D. DETERMINATION OF ORBITAL ORIENTATION
ANGLILS

The first two orbital parameters to be derived from the
sequence of position vectors are the two angles that define
the orientation of the satellite’s orbit with respect to the
earth: the longitude of the ascending node, 2, and the in-
clination of the orbital plane, I. As illustrated in FIG.
2A, the orbital plane of the satellite and the equatorial
plane of the earth intersect in a line, called the line of
nodes. The end point of the line of nodes at which the
satellite’s orbit rises above the earth’s equatorial plane is
called the ascending node, and the longitude of the ascend-
ing node, ©, is defined as the angle between the x inertial
geocentric axis and the line of nodes, measured counter-
clockwise in the direction of the ascending node. The
angle of inclination, I, is defined as the angle between the
earth’s equatorial plane and the satellite’s orbital plane.

Let the components of the jth position vector p; be
denoted (xy, ¥j, 2y), and arrange each of the components
of the sequence of position vectors {p} into the three
sequences,

{x}={x1, X2y o » oy xn}

{y}={}’1, Y25 o o o yn}
and |

{Z}"‘—-"{Zl, 22y o o o zn}

By applying that part of the smoothing operation defined
by Equation 7a to each of the sequences of components
{x}, {¥}, {z}, there is obtained a sequence of m so-called

“smoothed” position vectors {p}={p1, D2 e D ts
where the components of the jth smoothed position vector

ps are [Ya(xj+xmyy), Y2(¥5+Ymys), Y5 (Z542m+3) -
Similarly, by applying that part of the smoothing opera-
tion defined by Equatlon 7b to each of the sequences of

components, there is obtained a sequence of m so- -called

“smoothed” velocity vectors {p}={p1, Da, . e D},
where the components of the jth smoothed velocity vector

'2_5'1 are
[$m+j _xi,ym+i — Ui , Zm+j 35]
bt —8; Imt;—8 fmt+;—1;
The vectors in the sequence {5} are called smoothed
velocity vectors because they correspond to the true veloc-

ity vectors {p} derived by differentiating the position vec-
tors {p}. For example, if (xy, y;, z;) are the components
of p;, then (&, 75 #;) are the components of the true
velocity vector p;, where the components &, ¥;, #; are
defined as the limits of the difference quotients
%:%}:%: as At;,—%O

Further, as illustrated in FIG. 2A, the true velocity

vector pj. is perpendicular to the p051t1011 vector p; from

which it is derived, and both vectors p; and p; lie in the
orbital plane of the satellite. Slmllarly, each smoothed

velocity vector p; in the sequence {p} is perpendlcular to
the corresponding smoothed position vector p; in the se-

quence {p}, and both p; and p; lie in the orbital plane of

the satellite. _
The angular omentum per unit mass of the satellite

at a time ¢#; is defined as the vector cross-product of the
position and velocity vectors of the satellite at that time,

(9a)

ly=py X D;
As shown in FIG. 2A, the angular momentum per unit
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mass defined in Equation 9a is a vector perpendicular to

“both p; and p;, and therefore /j is perpendicular to the

orbital plane of the satellite. By applying Equation 9«
to each corresponding pair of m smoothed position and
velocity vectors, a sequence of m smoothed angular mo-

mentum vectors is obtained, {I}={l, T3, . . ., {m}

Li=p; XDy, =1, 2, . . (9b)
By the well-known deﬁnition of a vector cross-product,
the components (Tyj, Iy, I;;) of % in Equatmn 9b are

ponents of p; and p4 by the follow-

-’ m

obtained from the co
ing equations:

L . T

L= 85—15?; (9¢)
lyy=#b—2,0; (9d)
Loy=T3l)y— 17 (De)

Further, each of the components of 7; is referred to the
same inertial geocentric coordinate system as are the com-

ponents of p; and py, that is, although the components
of I; define a vector perpendicular to the orbital plane of

the satellite, the individual components of I; are expressed
in terms of the rectangular inertial geocentric coordinate

system (x, y, z). Thus the components 7,; and I, of the

vector /; lie in the equatorial plane of the earth, and as
illustrated by the components /5 and [y; of /5 in FIG. 2A,

the vector sum of I;; and Iy; is a vector I; which lies along
the line of nodes and which is the projection of 7; in both
the equatorial plane of the earth and the orbital plane
of the satellite, since the line of nodes lies in both the
equatorial plane and the orbital plane. Hence the nodal
longitude @ may be determined in accordance with the
equation

Qj =gin-! :-Z;.ﬂ
Ih; (10a)

where
1/2

Tny=+ (12472 (10b)
Thus by using Equ.ations 10a and 10b, a sequence of m
values of the nodal longitude {Q}={Q1, D3, . . «, O}t
may be determined from the equatorial plane components
of each of the angular momentum vectors in the sequence

{l} defined by Equation 9b.
Referring now to FIG. 2B, it is seen that the angle be-

tween the angular momentum vector Z; and its component

l;; along the spin axis of the earth is equal to the angle
of inclination Ij of the orbital plane of the satellite with
respect to the equatorial plane of the earth. Hence, the
angle 15 is given by the following equation,

I;=tan"1 _-iﬁ
[ (11)
where [,; is defined by Equation 106 above. By apply-

ing Equations 10b and 11 to the components of each of

the angular momentum vectors in the sequence {i}, a
sequence of m angles of inclination

B={l1, I, . . ., In}

may be derived.

From each of the sequences of m orbital orientation
angles {Q} and {I}, a single angle, O, and I., is derived
by performing the averaging operation defined by Equa-
tion 8, : | 3 l

Q =—1—i9-
Comim (12a)
and
12
i my=i " (12b)
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In this invention, the angles @, and I. represent the so-
called “best estimates” of the two orbital orientation
angles of a satellite derived from the observed data for
a single pass. Because of the averaging operation by
which these two best estimates, and the remaining four
best estimates are obtained, the entire set of best esti-
mates is referred to a reference time ¢, during the pass,
where 1, is also defined by the averaging operation of
Equation 8, that is,

1 1}
t — t'
® ﬂ%;’ .

(12¢)

where #; is the time of observation of the jth position
vector p; of the satellite durlng a given pass. It is noted,
however, that Equation 12¢ is applicable only for n even,
that is, n=2m; in the event that n is odd, that 1s,
n=2m--1, it is recalled that the middle vector, pm.1,
is omitied and therefore the reference time is defined
as

tn-—-—--—- Zt—l— Z‘, )
j=m—-2

j=1 (12d)

E. SECOND COORDINATE CONVERSION

The four orbital parameters for which best estimates
remain to be derived are the components of a best esti-
mate position vector and the components of a best esti-
mate velocity vector, which are also refered to the ref-
erence time ¢, during the pass. These two vectors com-
pletely determine the motion of the satellife in its orbat,
and since this motion is confined primarily to the plane
of the orbit, each of the best estimate position and ve-
locity vectors requires only two components, thereby ac-
counting for the number four mentioned above.

To obtain this pair of best estimate vectors, the com-
ponents of each of the n position vectors, p;, are put
through a second coordinate conversion, from a three
dimensional, rectangular, inertial, geocentric coordinate
system (x, ¥, 2) to a two-dimensional, polar coordinate
system, (r, 8), lying in the orbital plane of the satellite.
This second coordinate conversion is accomplished in
two stages. First, as illustrated in FIG. 2C, rotate the
x and y axes through the angle Q. about the z axis into
the xa and yq axes, where the x g axis coincides with
the line of nodes. In terms of the xqo, yo axes, the x;
and y; components of p; become

(13a)
(135)

Second, rotate the y, axis through the angle I, into the
yr axis, where the y; axis lies in the orbital plane of
the satellite. In terms of the y; axis, the ye; and z
components become

rei=Xj €08 Qe+ sin &

yri=yaj cos I,+}-z; sin I, (14a)

It is unnecessary to rotate the z axis through the angle
I. and a zp axis perpendleular to the orbital plane, be-
cause the satellite’s motion is confined to dts orbital plane
and therefore has no component perpendicular to the
orbital plane; that is,

(14b)

It is to be noted, however, that observational errors
may give rise to a small, apparent component perpendicu-
lar to the orbital plane, which would cause Equation
14b to have a small nonzero value.

FIG. 2D graphically illustrates the relationships be-
tween the rectangular coordinates 2,3 and yr; in the or-
bital plane, and the corresponding polar coordinates r;
and 6; also in the orbital plane. These relationships are

expressed by the following equations,

ri= £ (o;"+yr;?) 2

Zrj=—yq; Sin I,+2z3 cos Io=0

(15a)
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and

—+tan—1 { Y1

gy=tan™ fcm) (150)
Thus through Equations 13a, 13b, 14a, 15a, and 15b,
n three-dimensional, rectangular co-
ordinate position vectors {p}, in which the x; and y;
components of p; lie in the equatorial plane of the earth,
may be converted to a new sequence of n two-dimen-
sional polar coordinate position vectors, to be denoted
{P}={Py, Py, . .. Py}, in which the two components
ri, 6; of P; lie in the orbital plane of the satellite,

F. TREND REMOVAL

From the sequence of n position vectors {P}, the pres-
ent invention derives, by an iterative process referred to as
“trend removal,” a pair of best estimate position and
velocity vectors P, and P., whose respective components
(r., 8,) and (#., 6,) constitute best estimates of the re-
maining four orbital parameters at the reference tume 7,
during a single pass.

To derive the pair of best estimate vectors P, and

P,, first arrange the polar coordinate components of the
chronological sequence of n position vectors in the cor-
responding chronological sequences

{r}={r, ry, . . ., 1}
and
{9}?——{91, B2y « « « 4 f?1:1;}
Next, apply Equation 7a to the sequences {r} and {¢} to

form a sequence of m smoothed position vectors {P},

in which the jth smoothed position vector P; has the com-
ponents

— 1 1
175, ﬂj]=[§(?‘j—|—?‘m+i): §(9j+9m+j)]
Also, apply Equation 7b to the sequences {r} and {6}
to form a sequence of m smoothed velocity vectors {P},

in which the jth si
components

oothed velocity vector P; has the

m+1 """t m+1_t
Further, average the components of the smoothed posi-

tion and velocity vectors in accordance with the opera-
tion defined by Equation 8 to obtain a single pair of

position and velocity vectors P, f’cl whose components
are (7.1, 0,1) and (#.1, 8.1), respectivley, where

1 —

Tol =" < ?'j (162)
1 <

Y= jz.__l"aj (16b)

: 1 G

?‘el=ﬁ j;lf'i (16¢)

and
.1 &
™ jzﬂl\’ﬁi (16d)

The vectors P,y and P,; are referred to as first estimate
position and velocity vectors, and they approximate the
true position and velocity of a satellite at the reference
time 7, during a single pass. -
Because of the smoothing and averaging operations
by which the pair of first estimate vectors are derived,

the random errors present in these first estimate vectors
are significantly smaller, on the average, than the ob-

servational errors in the individual position vectors {P}.
In general, however, the smoothing and averaging opera-
tions themselves introduce so-called “dynamic” errors
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which may be larger than the random errors remaining
in the first estimate vectors. To reduce these dynamic
errors and thereby obtain a pair of position and velocity
vectors whose components are sufficiently error-free to
serve as best estimates of the orbital parameters r, 6,
7, 8, the trend removal system of the present invention
systematically generates a succession of pairs of estimated
position and velocity vectors which approximate with
increasing accuracy the true position and velocity of the
satellite at the reference time ¢, during a pass.

Starting with the first pair of estimated position and

velocity vectors, P.;, P.;, their components are used to
construct a first sequence of n regenerated position vec-
tors {P}!. This first sequence of n regenerated position
vectors is compared with the sequence of n observed
position vectors {P}, and the differences between the two
sets of vectors, after smoothing and averaging, are used
to correct the first pair of estimated position and velocity
vectors and thereby obtain a second pair of estimated po-

sition and velocity vectors Py, Pee. The process is then
repeated by using the components of the second pair of
estimated vectors to construct a second sequence of n
regenerated position vectors {P}2. The second sequence
of n regenerated position vectors is compared with the
sequence of observed position vectors {P}, and the differ-
ences between the two sets of vectors, after smoothing
and averaging, are used to correct the second pair of
estimated vectors and thereby obtain a third pair of

estimated position and velocity vectors P.;, Pcs. The
process is continued until a point is reached at which the
differences between the kth or last sequence of regen-
erated position vectors {P}k and the sequence of ob-
served position vectors become negligible, at which point
the components of the last pair of estimated vectors

P.., P constute the best estimates rg, 6., 7, 8. of the
four orbital parameters r, 6, 7, 4 at the reference time £,
during the pass.

In mathematical terms, the first cycle of the trend re-
moval process comprises the following operations. A
sequence of n regenerated position vectors

{P}]':{Plla ¢ s e Pnl}

is constructed from the components of the first pair of

estimated vectors Pgy, Pcy, by a suitable function, which
may be a ratio of polynomials or a truncated Taylor
series. If a truncated Taylor series 1s used, the com-
ponents of the jth regenerated position vector P;! of the
sequence {P}! are given by

. 1.. 1...
ril=re -+ rul(ii—tn)-l-éhl(ti '”ic)z—l-g?‘cl(ii—tu)’
(17a)

_ 1-. 1.
0;1=001F 61 (¢ — 1) +§9 o1(?; —tﬁ)ﬂ-l—aﬁ e1{t;—1c)3
(170)

where ¢; is the time at which the jth observation of the
satellite was made during a pass, and the coefficients of
the nonlinear terms in Equations 17a and 17b are higher
order derivatives of r.,; and 6.;. These higher order
derivatives are related to the components of the position
and velocity vectors of a satellite through the well-known
equations of planetary motion which govern the motion
of a satellite in the gravitational field of the earth; see,
for example, D. R. Inglis, Dynamic Principles of Me-
chanics, page 85 (1949). A brief summary of these
equations follows.

The general equations for the acceleration of a body
specify that the acceleration has two components, one
component being parallel fo the position vector P(r, )
of the body and having a magnitude

i —ro4 (18a)

M |

10

20

30

40

60

65

12

where 1 is the second derivative of r, and the other com-

ponent being perpendicular to the position vector and
having a magnitude

278-}-rd, (185)

where § i1s the second derivative of 4. In the case of a
satellite orbiting about the earth, the primary force acting
upon the satellite is an inverse square force directed along
the radius r between the satellite and the center of the
earth, hence the magnitude of the acceleration compo-
nent parallel to the position vector is expressed by the
equation

r —7rfl= —
r

(18¢)

where £ is the product of the universal gravitational con-
stant times the mass of the earth, and the magnitude of
the acceleration component perpendicular fo the position
vector 1s equal to zero, that is,

276 4-r§=0 (18d)

Equations 18c and 18d thus comprise the two differential
equations of motion for a satellife orbiting about the earth.
These two equations may be rewritten in terms of the
second derivatives # and 4,

S
P (19a)
S _ =27

r (19b)

and by differentiating 19a and 195, the third derivatives
r and @ are also obtained,

i (=345

. o 3r2 k
— —pn2_ 1 _—
f 29( T TR (19d)
It 1s noted in Equations 194 through 194 that the second
and third derivatives of r and ¢ are functions of r, 7,
and ¢4, hence the coefficients of the nonlinear terms in

Equations 17a and 1750 may be determined from the
components rq, o1, 81 Of the position and velocity vec-

fors Pcl: Pcl-

In the next operation in the first cycle of trend re-
moval, compare the sequence of artificial position vectors
{P}! with the sequence of observed position vectors {P}
by subtracting the components of corresponding vectors
in each sequence, that is, form a first sequence of differ-

ence vectors {AP}l, where the components of APy are
the differences, Aryl, Ag;l,

(19¢)

Arjl-z j-—rjl (20.{1)
ﬂﬁjl-zﬂj—ﬂjl (20b)
=12, ... n

Smooth the differences obtained through Equations 20a

and 205 by applying Equations 7a and 7b. This pro-
duces four sequences of smoothed differences {Ar}1, {A8}1,

{A7}1, {a6}1, each containing m terms, Arfl, Agyl, Ay,
G, j=1,2, . . ., m, where

— . 1
Arjt=5(Ar;' 1 Arny)

(20¢)
AGI=1(AgLAGL,,)
] ) ] m+i /2y (zod)
——m Arl . .— Ar.l
A 1 m-tj ]
i bm+; —1; (20¢)
and
R ﬁﬁrln-l-i""eil
Afj1=
i tm-l-i t.l (20f)
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Average each of the four sequences of smoothed dif-
ferences in accordance with Equation 8 to obtain the
four increments Arg,, Aﬁcl, AT, Ab1, Where

=— Z&r,

(20g)
Im
.»:1~9,L,r1=l NYA
m §=1 (20h)
o
&Tﬂl—l ﬁA?:jl .
m =i (207)
and
. 1 &, ——q
ﬂﬂe].:_ Ar; .
m f’;‘ " (205)

If each of the four increments is not negligible, that is,
if each Increment Argy, Afg, Afe1, Abgy, 18 not less than
some preassigned quantity e, €, €, €, Irespectively, add
each increment t0 the corresponding component of the
first pair of estimated vectors to correct these vectors and
thereby obtain a second pair of estimated position and

velocity vectors, Pes, Pcz. The components of Py, P.o
are (req, 009) and (7.0, 8.2), Tespectively, where

Foo==Fo1——AFc1 (20k)
Oeo= 901"']“5%1 (20[ )
Fea=TerAfey - (20m)
Ocr="0c11A0c1 (20n)

The trend removal process is repeated by using the
components of P, P, instead of the components of

Pe1, P., in Equations 17¢ and 175, and in Equations
19a through 194 to construct a second sequence of n
regenerated position vectors {P}2={P2, P2, . . ., Py2}.
The regenerated sequence {P}2 is compared with the
observed sequence {P} as prescribed by Equations 20«
and 20b, and the components of the second sequence of
difference vectors {AP}2 obtained from this comparison
are smoothed and averaged by the operations defined by
Equations 7a, 7b, and 8, to form the increments Ar,s,
Af.o, AT.n, Ab.0. If these increments are negligible as
specified above, the components 7.9, 6eo, ez, foa OFf Peo,

P, are the best estimates r., 6., 7. 6. of the four re-
maining orbital parameters. If these increments are not
negligible, they are added to the components of P,

P.o to obtain a third pair of estimated vectors P.s, Pes.

The trend removal process is repeated for as many
cycles as necessary to achieve the desired degree of pre-
cision, as defined by the four preassigned quantities e,
€y €, €. In general, when the four increments Arg,
Abo, ATex, Ak, Obtained at the end of the kth trend re-
moval cycle become less than the four preassigned quanti-
ties, the components rex, Oex, 7exs fox Of the kth position
and velocity vectors Py, Po. comprise the best estimates
Yoo 0oy Tes O, Of the four remaining orbital parameters.
These four components, together with the best estimates
of the two orbital orientation angles Q. and 1., constitute
the set of best estimates of the six orbital parameters
obtained by this invention from the observed data for
a single pass of a satellite.

1I. Combination of best estimates from two different
passes to derive a set of refined estimates

A. INTRODUCTION

Although the set of best estimates obtained by this
invention from the observed data for a single pass may
be used in suitable equations of motion to predict future
satellite positions with a high degree of precision, it is
possible to obtain an even greater degree of precision by
using the observed data from more than one pass. In
the present invention, a set of best estimates is derived
from the observed data for each of two different passes,
in accordance with the system described above, and the
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two sets of best estimates are combined, in accordance
with the system described below, to derive a single set
of so-called “refined” estimates which i1s more accurate
than either of the individual sets of estimates from
which it is obtained. Predictions of future satellite posi-
tions made from a set of refined estimates, and communi-
cations antenna orientation instructions generated from
such predictions, are therefore more percise and reliable
than predictions and orientation instructions derived from
best estimates which are obtained from observed data
for a single pass. The system for combining sets of
best estimates is equally suitable for combining sets of
estimates derived from different sources; for example, this
system may be used to combine a set of refined estimates
with a set of best estimates, to combine two sets of refined
estimates, or to combine a set of estimates derived by this
invention with a set of estimates derived by some other
system for determining orbital parameters. Other appli-
cations of this invention will readily occur to those skilled
in the art.

In order to combine two sets of one-pass estimates in
this invention, it is necessary to have the variances and
covariances of each set of estimates, in addition to the
best estimates themselves. Further, since each set of
estimates is referred to a specific reference time, for ex-
ample, t, and #;, where #;,>f;, it 18 necessary before
combining estimates from two different passes to refer
both sets of estimates and their associated variances and
covariances to a common reference time. For conveni-
ence, the common reference time may be chosen to be
the reference time of the later of the two sets of esti-
mates, thereby limiting the adjustment to the earlier set
of estimates .only.

B, DETERMINATION OF VARIANCES AND
COVARIANCES

In standard works on probability and statistics, the
variance of a population of measurements of a given
parameter is defined as the average square deviation of
the measurements from the mean or true value of the
parameter. Thus, for a population comprising the meas-
urements {£}={%, &, . . . } of a parameter with mean

or true value p, the variance of the population is defined
as

var {{y=ave (§—p)?2, i==1, .2, « .. (21a)

where “var” stands for “variance,” and “ave” stands for
“average value.” Since a population 1s theoretically
defined to include all possible measurements, and since
the imean or frue value of the parameter is unknown, in
practice both the population variance and the true value
of the parameter must be estimated on the basis of a
relatively small sample of the population. These esti-
mates are derived as follows. Let

{&}i=1{&1 &2+« -+ 5 Eim)

represent a sample of m measurements drawn from the
original population of measurements {g} An “unbiased”

estimate of the population variance is the well- known
sample variance,

1 & = \2
wr el B

where Ej, which 1s the mean of the sample, 1s an un-
biased estimate of the true value of the parameter and
is given by

1 Imn
=aiZ=1}£ji

(21c)

In the present invention, the derivation of variances
is based in part upon Equation 215, since the observed
data for a single pass from which a set of best estimates
is derived constitute a sample of the population of all
possible observed data for that pass. To determine the
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proper quantities to be used in obtaining the deviations

(Sj—z;j) appearing in Equation 21b, it is first observed
that the averaging operation defined by Equation 8 cor-
responds to the definition of mean value given by Equa-
tion 21c. Thus, in a statistical sense, the best estimates
obtained by applying the averaging operation of Equa-
tion 8 in Equations 12q, 126, 16a through 16d, and 20g
- through 20j constitute unbiased estimates of the mean or
true values of the orbital parameters for a single pass,

thereby corresponding to the quantity ¢ in the deviation

(§—%).

To obtain the measured quantities corresponding to
¢; in Equation 215 for each of the orbital parameters,
it 1s next observed that for at least a single pass the two
orbital orientation angles may be considered as con-
stants, since for at least the duration of a single pass the
orbital plane of a terrestrial satellite and the equatorial
plane of the earth are fixed with respect to each other.
This means that the true value of each of the orbital
orientation angles is substantially the same for every
pair of observed positions of a satellite during a given
pass; therefore, the best estimates Q. and I, are unbiased
estimates of the same true values of the orbital orienta-
tion angles for each pair of observed positions of a satel-
lite to which the smoothing operation of this invention is
applied. As a result, the deviations for the two orbital
orientation angles may be formed from the quantities
appearing in Equations 12a and 125, substituting Q. and
I, for the mean value & and substituting ©; and I; from
the sequences {Q} and {I} for the measured quantity
£515 hence the sample variances for the two orbital orienta-
tion angles are given by

1 ITl .
var {Q}=m_121(95“9c)2
J.‘:‘.

and

1 In
var {I}=m_12%(fi—fe)2
J:

Unlike the two orbital orientation angles, the other four
orbital parameters are functions of time, except in the
special case of a perfectly circular orbit, in which case
only the central angle ¢ is a function of time and the
other three parameters have constant values. This means
that in general, for each of these four parameters, each
observed quantity £; measured at a time of observation
t; is a measurement of a different true value of a time-
varying orbital parameter. Since the best estimates r,,
0., T, 0. are referred to a single reference time £, it
is necessary to adjust the best estimates to refer to the
time of observation #; of each measured quantity &; in
order to obtain meaningful deviations corresponding to
the deviations (£;—¢) appearing in Equation 215. This
adjustment has already been made in the present inven-
tion in the trend removal process, during which compo-
nents of the position vectors at the various times of
observation have been regenerated from the best esti-
mates through Equations 17¢ and 17b. As shown by
Equations 20a and 205, the regenerated components are
subtracted from the corresponding observed components,
and the resulting differences are smoothed in accordance
with Equations 20c¢ through 20f to produce quantities
equivalent to deviations (¢—¢) for each of the four
time-varying orbital parameters. It is to be understood,
however, that the smoothed differences to be employed
in deriving variances are those obtained in the last or kth
cycle of trend removal, since only this last set of smoothed
differences 1s derived from the best estimates, the defini-
tion of best estimates being the kth set of estimates that
make cach of the averaged smoothed differences from
Equations 20g through 20j smaller than some preassigned
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quantity. Thus, the sample variances of the four time-
varying orbital parameters are given by

1 &,
var {T}__m__lz;l(ﬂ?'jk)
j=

var {6] —-m_l__ ii(h—o-jk)a
=

var {r} L ia'k)n
- m""l]=1 T

and

N . g
var {6]=m__1jz_}1(aejk)2

Whereas variance 1s defined in terms of one parameter,
covariance is defined in terms of two parameters. Given
two populations, each comprising measurements of a
different parameter, the covariance of the two popula-
tions is defined as the average of the product of the
deviation of each population of measurements from the
true value of ifs respective parameter. Thus, for two
populations comprising the measurements &5, &, . . .
and ¥4, ¥s, . . . , Of two different parameters with true
values u and p, respectively, the covariance of the two
populations 1s

COV{E,¢}=COV{HD,£}=3V{3 (&1—u) (’:bi""P)
i—1,2, ... (22a)
where “cov” stands for “covariance.”

As 1n the case of variance, in practice the population
covariance and the true values of each of the param-
eters must be written on the basis of samples of each of
the two populations. Let one sample comprise the m
measurements &, &9, . . . , &m and let the second sam-
ple comprise the m measurements ¥i, ¥y « « « 5 Yim-
Then an unbiased estimate of the population covariance
1s given by the well-known sample covariance,

1 = — ~
cov {¢, £};==cov {&, *N.i=m___12%($ji—£j)(¢ji—¢i)
=
(22b)

where ¢ and Ej are mean values of each sample as de-
fined by Equation 21c. In applying Equation 225 to
derive covariances of the orbital parameters for a single
pass, the same quantities that are used in obtaining sam-
ple variance are used in obtaining sample covariance;
however, where the sample variance is obtained by
averaging the square of the deviations from the best esti-
mate of a single orbital parameter, the sample covariance
is obtained by averaging the product of the deviations
In
addition, it i1s noted that there are six sample variances
for each set of best estimates for a single pass, one for
ecach of the six orbital parameters, whereas there are
fifteen sample covariances, one for each of the fifteen
possible combinations of the six orbital parameters taken
two at a time.

As will be shown in detail below, the adjustment of
an carlier set of variances and covariances to a later
reference time and the combining of two sets of best
estimates require the so-called ‘“sample-mean” variances
and covariances of a population of best estimates rather
than the sample variances and covariances defined by
Equations 215 and 22h. The distinction between the
fwo sets of variances and covariances is illustrated by
the following example.

Let ({£}1, {£)2, - . . , {£}u) represent M samples of
equal size m drawn from an original population {¢}
with true value p and variance var {¢}, where the jth
sample is defined as

{E}@={£j_1: §1z_, . . s

’ gjm}: jzl: 2: s 2 a M (23!'.])
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This jth sample has a mean value £;, as defined by Equa-
tion 21c. Now for M— o the mean values of the M sam-
ples constitute a second population

{E}—{EI!E% SRR EM}
and thls population of mean values has its own mean

value ¢,

& =
L

lim 1 <h;
M-y Jf = Eg"‘ (23b)
and its own so-called ° sample-mean variance, var {£},

Var {_g"}=a,ve (EI --—!g_) y =1, 2, . . , M (23c)
It is a well-known result in statistical sampling theory

that the mean value, £, of the population of mean values
is an estimate of the true value, u, of the original popu-
lation {¢}; hence Equation 23¢ may be rewritten

var {¢ | =ave (¢; —n)° (23d)
It 1s also well known that the sample-mean variance var

{¢} is an estimate of the original population variance
divided by m, that is,

var { ¢ } (23¢)

Equation 23e in conjunction with Equation 215 pro-
vides a means for obtaining an estimate of the sample-
mean variance when only a single sample, for example,
the observed data for a single pass, is available. The
sample variance defined by Equation 215 is an estimate
of the original population variance; therefore, to obtain
an estimate of the sample-mean variance, it is only neces-
sary to divide the sample variance by a factor m,

_ 1 m -
var{E}z"'m(m_l);(Eji—&)z (237)

- By analogy with the above results in the case of sample-
mean variance, the sample-mean covariance is defined as

cov {7, F ) =cov {F, 7} =ave (—F) (i—7),i=

L,2,.. ., M (239)
which may also be written in terms of the true values
s 0y |

cov {y, £ }=cov {£,¢}=ave (§—u) (v;—p)
(23h)
Similarly, an estimate of the sample-mean covariance
- may be obtained from a single sample by using the sample

covariance defined by Equation 225 and dlwdmg by a
factor m,

1
=?—n— var {E}

Cov {'I&J }_GDV {E: 'I[’}Hm(m 1)2(511_“5 ) (’:b.llm‘:{’l)_.

(237)

In the case of a set of best estimates derived by the
present invention in the fashion previously described, such
a set may be considered as a single element in population
of sets of best estimates, corresponding to the population

of mean values, {¢}. In this invention, the “sample-mean”
variances and covariances of this population of sets of
best estimates are employed in adjusting to a later ref-
erence fime and in combining sets of best estimates, and
estimates of these sample-mean variances and covariances
may be obtained from the observed data for a single pass
by employing in Equations 23f and 23i the same devia-
tions of the six parameters used in obtaining sample vari-
ances and sample covariances.

C. ADJUSTMENT OI' REFERENCE TIME

After obtaining estimates of the sample-mean variances
and sample-mean covariances for each of two sets of best
estimates, the next operation before combining the two
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sets of estimates is to refer both sets of estimates, and
their associated variances and covariances, to a common
reference time. As mentioned previously, it is preferred
to accomplish this by adjusting the earlier set of esti-
mates and associated variances and covariances to the ref-
erence time of the later set.

T et the reference time of the earlier set of estimates be
denoted #, and let the reference time of the later set of
estimates be denoted ¢ where ts>t;. Further, let the

best estimates at #; be denoted r, 8, 7, 6, 8, I. One way in

“which the earlier set of best estimates may be adjusted to

the reference time of the later set of best estimates is by
using any one of a number of sets of well-known predic-
tion equations to predict a set of estimates at time #, from
the set of best estimates at time #. If the “predicted”
estimates obtained from the best estimates are denoted

A A A. A

?',9,?'991

then the predicted estimates may be written in general
form as functions of the best estimates, that is,

p=r(7,9,7, 0,91, t t) (24a)

g = Fy do ) (24b)

r=F;( do ) (24c)

§=Fi do ) (24d)

Q=Fg( do ) (24e¢)
and

I=F( do ) (24f)

For the purpose of adjusting the earlier set of variances
and covariances, the general prediction equations repre-
sented by Equations 24a through 24f above may be re-
placed by the following set of specific prediction equations
derived from the well-known differential equations of
motion previously given by Equations 18c and 18d.

N A2
r  k(l—acos ¢—pBsin o) (25a)
g A dA
27T Jg (l—ce cos A— g sin 7\) (25D)
k .
r=-r{—asin ¢+ cos ) (25¢)
5=4
R (25d)
Q=0 (25¢)
[ =T (25f)
where
A=7128 (259)
4
kT (25h)
s AT :
Tk (257)
0 —@ (25k)

and k is the product of the universal gravitational con-

- stant times the mass of the earth. Equation 255 may be

replaced by the following approximation, if it is desired

to express the predicted angle ¢ in terms of the best esti-
mafe 4,

A o— k2
§ =T+ l—at—f)t—t) o
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Equations 254 through 25f do not take into account
perturbations of a satellite’s orbit due to such sources as
atmospheric drag, radiation pressure, and nonsphericity
of the earth, since for the purpose of adjusting variances
and covariances, these perturbations are small enough
to be neglected. In addition, it is noted in Equations 25¢
and 25f that for the purpose of adjusting variances and
covariances, the two orbital orientation angles may be
considered constant. It is to be understood, however,
that for obtaining predictions generally, and for adjust-
ing best estimates specifically, perturbations and changes
in the orbital orientation angles must be taken into ac-
count in order to obtain sufficiently precise results.

In addition to adjusting the earlier of two sets of best
estimates to the later reference time by obtaining a set
of predicted estimates from the earlier set of best esti-
mates, the present invention adjusts the earlier set of
variances and covariances to the later reference time by
obtaining the variances and covariances of the predicted
estimates from the variances and covariances of the earlier
set of best estimates. As will be shown below, a specific
cxpression relates the variances and covariances of the
predicted estimates to the variances and covariances of
the earlier set of best estimates.

Because of the large number of best estimates and
associated variances and covariances, it is convenient at
this point to introduce the following matrix notation
which will be employed henceforth as an alternative to
the notation for individual quantities previously given.
Let the true values of the six orbital parameters at a
reference time #; be arranged in a one-column matrix

(],

Il (26&)

and let the set of best estimates of the true values at refer-
ence time #; which are obtained by this invention be

arranged in a one-column matrix [q],

7

~| B = 3| o

[q]

(26D)

Now, as previously suggested, the set of best estimates
[q] derived from the observed data for a single pass may
be considered as one of M sets of best estimates, ([¢1;,

[qlss. . ., [q@lum), derived from M samples of observed
data of equal size m. From Equations 23d and 23h, the
sample-mean variances and covariances of the popula-
tion of sets of estimates may be arranged as the elements
of a so-called sample-mean “variance-covariance” matrix

[C1, which 1s defined as

[Cl=ave {[gy—p]- [@1—p1'}, i=1,2,. .., M (26¢)

where the prime symbol (") denotes the transpose of the
matrix to which it is affixed. The elements of [C] are
the six sample-mean variances and the fifteen sample-
mean covariances, with the six variances arranged on
the principal diagonal and the fifteen covariances dis-
posed symmetrically about the principal diagonal.

In this invention; the elements of the sample-mean vari-
ance-covariance maftrix defined by Equation 26¢ are esti-
mated from the observed data from a single pass by uti-
lizing 1n Equations 23f and 23i the same deviations em-
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ployed in Equations 215 and 22b. These estimates of
the sample-mean variances and covariances may be de-

noted, for example, (v, r) for the estimate of the sample-

mean variance associated with best estimate 7, and (v, 0),
for the estimate of the sample-mean covariance associated
with best estimates r, and 6.. These estimates define
the elements of an estlmated sample-mean variance-

covariance maftrix [(], whose elements are arranged in
the following array:

(7, ) (7, 0) (7 7)(7, 6)(F )7, 1)
7, 0)(0,0)(0,7)(0,74)(0, 2)(7, T)
(7, 7)o, 7)(7, #)(7, 6) (7, ) (7, T)

(7, ¢)(0,6)(7,4)(4,d)(6,2)(4,T)

7, 2)(0,2)(7, 2)(4,2)(e,)(,T)

(" )(e, T)(7,7)(4,7)(,T)(T,T)

Thus, just as the matrix of best estimates [q] is an esti-
mate of the matrix of true values [«], so the matrix of

estimated sample-mean variances and covariances [T}
1s an estimate of the true sample-mean variance-covari-
ance matrix [C].

Turning now to the problem of adjusting an earlier set
of variances and covariances to a later reference time, the
following discussion will be in terms of the two orbital
parameters r and 4; it is believed that the extension to all
six parameters of the results obtained will be clear. Iet

., n represent elements of populations
of best estunates of each of the true values r;, 8; at the
earlier reference time #, and let ry, 6; represent elements
of corresponding populations of predicted estimates of
each of the true values ry, 9, at the later reference time
to, 1a>1;. Since in this invention both the predicted esti-
mates and the best estimates of each parameter approxi-
mate the true values with a high degree of accuracy, the
difference or error between each estimate and the corre-
sponding true value is very small. These differences may
be expressed by the following set of difference equations:

[C]=

(26d)

AT{==Ty—F (27a)
ﬁ;*iz ;i—?‘z (27b)
A§1=§1-91 (27¢)
ABy=8;— 0 (27d)

Since each predicted estimate is a function of the best
estimates, as expressed in general form by Equations 24a
through 24f, each difference equation of predicted esti-
mates, (27b) and (27d), is related to the difference equa-
tions of best estimates, (27a) and (27¢), through a well-
known result in calculus. This result states that the in-
crement Au of a function of several variables,

H.:f(}{, Y o & -)

i§ approximated by the linear differential du of the func-
tion under certain conditions. Specifically, if the incre-
ment Au 1s defined as

Au=f(x-+Ax, y+Ay, . . )—f(x,y, . .
and the linear differential is defined as

ou
QU= Dx'&x_l- OJMH— (28b)

then du approximates Aux provided that the increments

) (28a)

Ax, Ay, .. . of the mdependent variables x, y, . . .,
are sufficiently small, that is, |
Ou E)u
Au=—Azx-|
o T T gAY (28¢)

From a comparison of Equatlon 28a with difference Equa-
tmns 27a through 274, it is seen that the differences Ari,
Aﬁi correspond to the increment, Ax, and the differences
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Ar;, A8 to the increments Ax, Ay, and that therefore the
following relationships are valid approximations:

ﬁ?:—a?iﬁrl ; a-ﬁ_i:ﬁﬂi—l- . - (290)
A aF] o a?ﬁl - |
Aﬁl_ a?iATi+ ba-iﬂei_l_' e (296)

Equations 29a and 295 readily suggest specific expressions
for the sample-mean variances and covariances of the pre-
dicted estimates. Thus, from Equations 234 and 29a the
sample-mean variance of the population of predicted esti-

mates {?‘}:{?‘1, ;2, . . .» of the orbital parameter r may
be written

var {7 }=ave (r;—73)2 |
Ori,— , OF;,— | 2

=ave( SHAT SeAT ) (30a)
Expanding and collecting terms in Equation 30a, and
treating “ave” as an operator acting across the sum of
terms, the expression for var {r} may be rewritten,

>\ 2 A\ 2
var { ¢} = 2.;.‘) ave (A7;)% gg‘) ave {A{g )24 - -
0T OF; N, —
+2aﬂa§"i ave (A7;)(Ag;)+- - - (30)

From Equations 23d, 23g, 274, and 27c,
ave (Ar;)2=ave (7;—r;)2=var {7}
ave (Ag;)*=ave (§i—6;)?=var {5}
and

ave (A7) (Agi)=ave (ri—r1) (g —0)=cov {r, g}
hence, Equation 30b may be expressed

» .\ 2 * .\ 2
Df_‘) var {7} (2%) var {g 3§+ - -

Ti
+2(“‘§”) 2;) COVAT, g1 (300)

Similarly, since the sample-mean covariance of the popu-
lations of predicted estimates of r and ¢ may be written

cov {r, § }=ave (ri—r3)(§i—06) (31a)

by substituting the differential approximations of Equa-
tions 29g and 29b, Equation 31a may be expressed as

var {7 ] =

cov {r, § }=ave g_i;ﬁ?i—l—ggia'e_i—}-- - )
ag:ﬁ?i ! g.gi:A"é'i+' - ) (310)
“g;igiiave (A?i)ﬂ—i—QZi;.z g_i.i ave (A0;)(AT;)+ ‘
o By (a7t i
—-g_i_i gg: var {7} 22;1 g_g;: cov. {7, 0}
S () T -

It is thus observed in Equations 30c and 31id that the
sample-mean variances and covariances of the predicted
estimates may be obtained in terms of the sample-mean
variances and covariances -0f the best estimates from
which the predicted estimates were derived, and in ferms
of the partial derivatives of the equations of prediction.
Similar equations may be derived for all the sample-
mean variances and covariances of the six predicted esti-
mates, and the following matrix equation may be used
to summarize the relationship between all of the sample-
mean variances and covariances of the best estimates and

5

10

15

20

25

30

30

40

45

o0

60

70

22

all of the sample-mean variances and covariances of
the predicted estimates.

ILet the sample-mean variance-covariance matrix of
the population of sets of best estimates at time #; to be
denoted [C]y, and let the variance-covariance matrix of
the sets of predicted estimates at time £, be denoted
[Cls. Further, the well-known Jacobian matrix [J],
whose elements are partial derivatives, may be expressed

in terms of the functional relationship between predicted
and best estimates: thus

dr 07
Or dg
D8 6
Or do
dr 7
Or dp
26 Op
Or g
A0 dQ
O 08
oI 21
Or d@

0r Or Or Of
Oor 04 0Q ol
D8 6 06 0
dF dF 2 dI
dr Or O 7
dr 06 02 oI
06 24 2§ 26
Or 04 082 of
22 0 20 20
dr 26 22 oI
o ol oI oI
Or 04 09 oI (32a)
Then from Equations 30c and 31d it is apparent that

the variance-covariance matrix [C], of the population
of sets of predicted estimates at time 7, is related to the

variance-covariance matrix [C]; of the population of

sets of best estimates at ti

16 #; through the matrix

equation
[Cla=[J]-[C1:[J'] (320)
or, in inverse matrix form,
[Clyi=[J']1-[C]; - [J] (32c¢)

where [J’] denotes the transpose of [J1, and the super-
script —! denotes the inverse of the matrix to which it
is affixed. Although the relationships between variances
and covariances represented by Equations 32b and 32c
were derived in terms of the true sample-mean variances
and covariances of populations of estimates, these re-
sults are equally valid for deriving estimates of the
sample-mean variances and sample-mean covariances
associated with a single set of predicted estimates from
the corresponding estimates of the sample-mean variances

and sample-mean covariances associated with a single

set of best estimates.

The individual elements of the Jacobian matrix of
Equation 32q¢ may be evaluated by performing the ap-
pmpr:_iate differentiation of a specific set of prediction
equations. For example, partial differentiation of the

sl:{eciﬁc Equations 25a through 25f produces a Jacobian
with the following elements:

20 [, ki . .Y
a}__?rr{ -—;112 [3(1-——-0:) COS @—-26 sin @—ﬁr-g-;_?—l}
(J-1)
o7
— =0(
oY (J-2)
dr 1 l: Y.
— =% SInN qﬂ—[—'}'—"’;
or 6 o7 (J-3)
Of 7, k[ .Y
—=—{ 2 ——=1 2(] - — —
Y 9‘{ 25| (1—e) cosp—B sin mﬁaaé]}
(J—4)
01
—=0
oQ (J-5)
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or
37D (J-6)
oY) 1 [ - o Ry
i
1 — a[SNu"" QﬁNﬁ]} (J—T)
where
Na=B(a—&)[(1~a) +(1—&)]+ (1—a)2(2—& ) sin 1
(J-8)
Ng=(a—a)[(1—a)+2(1—a)]+ (1—a) (1—cos ¢)
(J-9) 15
and
A A?
a=1—3% (J-10)
A 20
A Ay
BT (J-11)
€ =al-pBi=q?+} 52 (J-12)
) 25
09_1
) (J-13)
0f — _,n4 .y Ng
SR P T, () g
oY) - 1 Nl T 1 -
DE—- E(lﬂcz){g(l CE) (tl t[})ﬁ 1“—&{[2Na 6Nﬁ]}

(J—-15) a5
a§_0
Y (J-16)
2 _,
5T (J-17) 40
dr _ _27 _E._l: ) — AT é] :
5= ?_—I—AT 3(l—a)—pB7 = sin ¢--
08 45
[Qﬁ—ar-—?— COS gﬂ} (J—IS)
A7 0
08 (J-19)
50
O koe aa) k3 00 .
—=| 1————2= ) Ccos ¢o— — S1n
07 A Dy YA Or v
(J-20)
. . g 55
0r _ r, k j[ —06
—— = —| 2{1—a)—B6 =] sin ¢+
28§ Agll ) TRIGg e
[6—.::{9'_—6—6] COS }
Of v (J-21) ¢o
or g
oQ (J-22)
A 65
Or 0
ol (J-23)
-92?+2¥i(1 r Or 70
a?‘ T 7 D?' (J-—-24)
%9
og (J-25) vs

24
2 2§ df
Or r oy (I-26)
aé‘_é‘(l 26 a;:)
20 § Y (J-27)
% _ o
O (J—28)
99 _g
o1 (J-29)
20 20 2@ o0 0
m—_—— e T _—0
Or 08 or 0 oI (J-30)
OO .
o0 (J-31)
oI af=af_af af_o
Or 20 Or J§ 20 (J-32)
aiﬂl
ol (J-33)

The prediction Equations 25a through 25/, from which
the Jacobian elements given above were derived, are based
upon the general equations of motion (18¢) and (18d),
which describe the motion of a satellite in a noncircular
orbit. In the special case of a circular orbit, however,
the prediction equations and the Jacobian elements are
greatly simplified. Thus in a circular orbit, the radius is

a constant R, hence both the best estimate 7 and the pre-
dicted estimate r are equal to the constant R,

r=7r=~R (33a)
and both of the first derivatives, 7 and ;'*, are equal to zero,
F=7=0 (33b)

. —
Further, since the second derivatives # and # are also

zero, Equation 18c specifies that the derivatives 6 and 9
are equal,

1 jF
0 =0 =+ R
or
»n = V
6=0=x (33¢)
where
k
~VE

Substituting Equations 33« through 33c¢ in Equations 255,
25g through 25j, and in Equations J-8 through J-12,

(h—t) =g (334
A=RV (33e)
a=4=P=f = (337)
N,=2 gin ¢ (33g)
Ng=2(1—co0s ¢) (33h)

Equations 33a through 33d, together with Equations 25e
and 25/, constitute the prediction equations for a satellite
in a circular orbit of constant radius R, and the follow-

ing equations, together with Equations J-30 through
J-33, comprise the corresponding Jacobian elements ob-
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tained by substituting Equations 33a through 33/ in Equa-
tions J—-1 through J-29.

o7
D}"_4 3 COS ¢ (K-1)
o7 o
D6 (K—2)
a;=ﬁ Sl ¢
or V (K-3)
A 2
a_ﬂ=-2£-(1—-cos ©)
=
g (K—4)
dF _ 97 _,
oe ol (K—5)
-b—§=—§—(¢—sin¢)
or R (K-6)
2 _,
) (K-7)
D0 2 '
= 1—cos ¢)
Yiniaea v (K-8)
00 R .
—= —-—{ 3o—4 sin
20 _08_ o
200 ol (K-10)
or 8V
or R (K-11)
o7 o
oY, (K-12)
D7
——==C0S ¢
d7 (K-13)
-—a—-_?;.=2R sin @
O (IK~14)
dr _d7F _ .
0Q ol - (K-15)
20 6V .
——=——{(1—¢0s
o7 Re ) (K-16)
% ¢
J8 (K-17)
aém '2 sin @
o7 I (K-18)
%0 — 344 cos o
D4 (K-19)
26 _ 2§
o¢ oI (K-20)

D. MINIMIZING O VARIANCES T(O DERIVE
REFINED ESTIMATES

Two sets of best estimates from different passes, for

example, [g;] and [g;], which have been referred to a
common reference time, for example, by adjusting the

earlier set of estimates to the reference time of the
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later set of estimates in the manner described above,
may each be considered as elements of two different
populations of sets of best estimates derived from samples
of two different populations of observed data. If the
first population of best estimates is represented in matrix
form by a sequence of one-column matrices

{la1}={[a1], (@], . . . ,[quI1}

then from Equation 26c the sample-mean variance-co-

variance matrix [C] of this population of best estimates
may be expressed in terms of the one-column matrix
of true values of the orbital parameters, [u],

[Cl=ave {[¢y—n]-[g—n]}, j=1,2, ..., M (34a)

Further, if the second population of best estimates,
which may be replaced by a population of predicted
estimates derived from it, is represented in matrix form
by a sequence of one-column matrices

gl =1{lgi), [gel, - - ., [gml}

then the sample-mean variance-covariance matrix [é]
of this second population is also expressed in terms of
the same matrix of true values [u], because the esti-
mates in both populations are approximations of the true
values of the orbital parameters at the same reference
time; hence,

[C] ave {[§;—ul-[g;—nl'}, §=1,2,. .., M

(34b)

In order to combine two sets of estimates from different
passes to form a new set of so-called “refined” estimates
which is more accurate than either of the individual

“one-pass” sets of estimates, this invention forms a new
population of estimates,

tlgli=1lqi), [galy ¢ « o, [Gnl}

each element of which is a weighted average of estimates
from two' different passes,

lgsl=lwillq;]+1:0g;:) 7=1,2,. .., M (35)
in which [w;] and [w;] are unknown square weighting
matrices, and [q;] 1s the jth new set of estimates defined

by the weighted average of [¢;1 and [c;j]. The weight-
ing matrices are subject to the constraint that if

[q;]=[qil

then

[q:1=[q;]=[q;]
and therefore

[%;]+4-[w;1=[1]

where [1] denotes the unit matrix,

In order to obtain a solution for the unknown weight-
ing matrices in Equation 35 such that the resulting
weighted average is more accurate than either of the in-
dividual one-pass estimates, the present invention pro-
ceeds on the basis that among several populations of
estimates, the population with the smallest variance is
the best approximation, in a probability sense, to the true

(36)

values of the orbital parameters. In particular, this in-

vention makes the variances of the weighted average de-
fined by Equation 35 smaller than the variances of either
of the individual populations of one-pass estimates by

minimizing the variances of the weighted average. The

equations for minimizing the variances of the weighted
average, 1n conjunction with the constraint of Equation
36, provide a specific solution for Equation 35 through
evaluation of the unknown weighting matrices in terms
of the variances and covariances of the one-pass esti-
mates, which are known through the estimates obtained
from Equations 23f and 23i. The population of refined
estimates obtained in this invention by minimizing vari-
ances is therefore a weighted average of two populations
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of individual one-pass estimates which is more accurate
than either of the populations of one-pass estimates.
Since it is assumed that the elements of the two popu-
lations of one-pass estimates are approximations of the
same set of true values of the orbital parameters [u],
the clements of the new population of estimates defined
by the weighted averaging of Equation 35 are also ap-
proximations of the same set of true values. Accordingly,

the variance-covariance matrix [C] of the new popula-
tion of weighted averages may be written

[Cl=ave {§;—ull7;—nl] (37)
By substituting in Equation 37 the definition given by
Equation 35 for [éj], and by multiplying [r] in 37 by
[w;]+[w;]1=][1]
from Equation 36, Equation 37 may be rewritten
[Cl=ave {([w;lg]--[%:]§:]— ([wil @) [k])-
([w;i g1+ g 31— ((w; 1+ DIwl) '}
=ave{ ([w;llg;—pl 1wl qg;—wl)-(Ig; —rl'[w;]
+g;—ul' ;1) }
Perform the multiplication indicated on the right-hand

side of Equation 38a and permit “ave” to act as an
operator across the resulting sum of terms,

(38a)

[C1=([w;] ave {[g;—ullg:—ul’}[@)]")
+ ([w;] ave {[g;—ullg;—rl" 1 w]’)

([wi] ave {{g;—wullg;—ul} [W;]
4 ([;] ave {[g;—wllgi—ul} [@:]")

(38b)

Since the estimates [q;] and [q;] are derived from ob-
served data for different passes, these estimates are in-
dependent of each other, and therefore the second and
third terms in Equation 385 vanish because the averages
in these terms are zero; further, the second and fourth
terms in Equation 385 each contain a variance-covariance
matrix, as defined in Equations 34a and 345. Thus the

variance-covariance matrix [C] becomes

[C]=[w;][Cl[w;)’ + ;] [CT[;]”

As shown in the definition of a variance-covariance
matrix given by Equation 26d, the variances lie in the
principal diagonal, and therefore to minimize the vari-
ances of the weighted average, it 1s necessary to obtain
expressions for the diagonal elements of the variance-

covariance matrix [C] of the population of weighted aver-
ages, set forth in Equation 38c. To obtain expressions
for the variances of the population of weighted averages,

let the elements of the square weighting matrices [10;]
and [w;] will be denoted

(38¢)

l_fm MR /4T
[@]zt :
dgy * * = Ogg (39@)
and
bn = v bm
[;] =] -
Doy *+ » * Dbeg (390)

Further, Iet the clements of the variance-covariance mat-
rices [C] and [C] be denoted

Gt
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(400 ) s

and
E11 Elﬁ
Cl—| -
Col C 66 (40b)

where the diagonal elements ¢y, ¢y, i=1, 2,. .., 6 of

[C], [C], respectively, are the variances of the two popu-
lations of one-pass estimates. Next, perform the matrix
multiplication indicated by Equation 38c¢c in terms of

the individual matrix elements defined by Equations 39a,
39b, 40a, and 40b.

-Eii: aii: 3.:1: 2: -« 0f [611 [b]

211 16 C11 * * * Cie A1y * ¢+« Qg
C1=] -
(i * Qg6 Co1 C a6 Qg * * ° g
by - - D16 C 11 + C1g by + + + bg
1 - . .
Doy * - bm C61 Eﬁﬁ bis » Des
6 6
E 01, C i1 a1 C ;6 ait * Qg
=1 i=1
§;
Zaﬁicil ’ ZGHJGJG Qg * * ~ Ago
1=1 j=1
6 §
Zblicil Zbuam b1+« by
i=1 ji=1
+
6 6
z :bﬁic.‘ll E :bl‘uc;ﬁ blﬁ . b[}ﬁ
6 6 § 6
Z Za’hcnk Tk o » Z Z@h?;k)duh
[C] =
6 6 6 6
E ; E :{Iﬁjclk)ﬂilk ' e e E : z :ﬂﬁjfjk)aﬁk
k=1\]= k=1\j=1
6 6

6 / 6
D DAY jk)bﬁk

k=1\j=1

6 / 6 6 / 6
2 Zbﬁiﬁik)bm- ce 2 Zbﬁjajk)bﬁk

¥(ali—gikalk+bljajkblk) .« s o
1y

g(al\i—b—j k@ok 1 b1; € 51box )
],

g(aﬁiFikalk_f‘bﬁjEjkblk) P

I
Z - (as; Cixtox+be; € j1Dgx)
1y

(41)
Thus the six variances of the population of weighted

averages, as given by the diagonal elements of the matrix
on the right-hand side of Equation 41, are of the form

Cij =Z(Gii?jk&ik+bij C jubix)
ik (42a)
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or

Eii=2(2ai3?jk>aik—[—2(2bﬁ Ejk)bik, p= 1, 2, ... ,6
k ' k '
] ] (490)

The variances Eﬁ may be minimized by using Lagrange’s
method of undetermined multipliers in conjunction with
the constraint defined by Equation 36. In applying this

method, the variances cy, as given by Equation 425, are
considered to be functions of the two independent vari-
ables aj., by, where, from Equation 365b, the two inde-
pendent variables are related by the egquation

Qi+ D=0 (43)

oy being the Kronecker delta whose value is unity for

i=k, and zero for is«k. In order that the variances ¢y
may have minimum values, it is necessary that the fol-
Jowing conditions be satisfied:

0 ¢ Op __

Od; hlkbaikho (44a)

' aCii__ _ Op

by NEGh (44D)
in which

=0+ Dix—dy=0 (44c)

and Ay, are constants of proportionality known as La-
grange’s multipliers. By performing the partial differen-
tiation indicated in Equations 44a and 445, the resulting
equations may be solved together with Equation 36 for

the unknown weighting matrices [;j] and [133-], and
the unknown multipliers Aj. Substitution in Equation 35

of the solutions thus obtained, provides the refined esti-
mates of this invention. Differentiation of Equations 425

and 44c¢ produces the following quantities for the partial
derivatives in Equations 44a and 44b5.

bcii —
- = 2.3%iiCijk
01 ]Z

(45¢a)
E)cii | A
Obs 40 (450)
dp
aaik_ (450)
dp
St (454)

Substituting Equations 45a through 45d into Equations
44a and 440D,

E :aij—é_jkz)‘-ik
] |

(46a)
bijEj =7ii
2 8= (46D)
which may be rewritten in matrix form as
[w;]-LC] =[] (47a)
[@]-[Cl=[N;] (47b)

the elements of the matrix [A\;] being Lagrange multi-
pliers Ay, i, k=1,2, . . . , 6. From Equations 47a and
47b, the weighting matrices may be expressed as

[w;]1=[\][C] (48a)
[, =IN1[C] (48D)
and from Equation 36,
[w;]+ [;] =INILCT 4 NI =11]
hence
=[]+ 8] ) (49)

where the superscript —! denotes the reciprocal of the
matrix to which it is affixed. Substitution in Equation
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35 of the solutions provided by Equations 48a, 48b, and
49 under the criterion of minimum variance, produces a
population of estimates in terms of a specific weighted

average of the elements of two populations of one-pass
estimates; thus

[¢]=[w;]{q 3]+ [®;)7;]
=NJICI [l IIC] 6!
=NIUCT g1 +ICT ')
=([c])7*+[CI7) - ([C] [ 1+ICT ' [a:])
1=1,2, ..., n (50a)

The relationship expressed by Equation 504 is equally

applicable to a single set of estimates [¢] derived from a
single sample of observed data from one pass, and an-

other single set of estimates [g] derived from a single
sample of observed data from another pass, because the
sample-mean variance-covariance matrices associated
with these individual sets of estimates are approximations
of the sample-mean variance-covariance matrices of the
two populations of best estimates. Thus Equation 50a

may be expressed in terms of single estimates [¢] and [c}]
[]=([cI7+[CI) ™ (CI 1 +[€17'2)) (500)

where [C] and [C] now represent estimates of the’
sample-mean variance-covariance matrices associated

with the populations of estimates {[¢]} and {[gq]}, re-
spectively,

I desired, the set of refined estimates defined by Equa-
tion 500 may be combined with a set of best estimates
from a later pass to form a new set of refined estimates
at the reference time of the later pass. This may be ac-

complished in the manner described above for combining
two sets of best estimates from different passes. It is first
necessary to obtain an estimate of the sample-mean vari-

ance-covariance matrix [é] of the set of refined estimates.
From Equation 38c¢, an estimate of the sample-mean

variance-covariance matrix [C] is given by

[Cl=[ml[Clw)’ -+ 1 [C] ) (51a)

Substituting the one-pass equivalents of Equations 48«
and 4856 into Equation 51a, and noting from Equation 49
that [A] is a symmetric matrix,

[C1=m[CI[CIC] ™ N+ IN[ETHECT

=IN([C]+[E]™)
=[A[AA]
=[] (51b)
Hence an estimate of the sample-mean variance-covari-
ance [C] is |
[C]=(c1+[¢]™) (51c)
or |
I =[c] +[C]™ (51d)

After having obtained an estimate of the sample-mean
variance-covariance matrix [C] associated with the set

of refined estimates [g], the appropriate prediction equa-
tions, together with either Equation 32b or 32c are used

to adjust [é] and [Ej] to the reference time of the later
set of best estimates. The two sets of estimates are then
combined in accordance with Equation 506 to form a

new set of refined estimates of the orbital parameters at
the later reference time.

INTRODUCTION

“As an aid to exposition and in accordance with well
established usage in the electronic art, the preferred em-
bodiment of the principles of this invention is shown in
FIGS. 3 through 12 of the drawings in block schematic
form, with single line paths indicating the flow of in-
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formation-bearing signals between components of the
various circuits. It is to be understood that in practice
the blocks will be realized by specific apparatus whose pre-
cise characteristics are set forth in detail below, and each
single line path will normally be realized by two e¢lectri-
cal conductors.

Further, the terms used to describe various components
of FIGS. 3 through 12 have the standard meanings found
in the IRE Standards on Electronic Computers: Defini-
tions of Terms, 1956. Specific embodiments of these
components may be found in any recent text on digital
computer components and circuits, and in this applica-
tion, E. M. McCormick, Digital Computer Primer
(1939), will be referred to from time to time for descrip-
tions of speciiic apparatus.

FIG. 3

Referring now to FIG. 3, this drawing outlines in block
form the major networks of the complete system for deter-
mining from radar signals a set of refined estimates of
the orbital parameters of a terrestrial satellite. Drawings
illustrating the detailed structure of these major networks
are provided in FIGS. 4 through 12, as indicated by ref-
erences 1n the appropriate blocks of FIG. 3. In addition,
the lines connecting the blocks in FIG. 3 indicate only
the most important routes for the flow of information
between the major networks, and are not intended to rep-
resent either specific signals or specific connections be-
tween the networks.

During each pass of a satellite, a conventional radar
tracker 300 follows the satellite’s motion, and in so do-
ing, generates three continuous electrical signals repre-
sentative of the three observational guantities—slant
range, elevation angle, and azimuth angle—which con-
tinuously describe the position of the satellite with respect
to the tracker during a particular pass. Although the
three continuous signals generated by tracker 300 contain
sufficient information for the determination of orbital
parameters, in continuous form these three signals are not
suitable input signals for the preferred electronic appa-
ratus embodying the principles of this inveantion. In par-
ticular, it is necessary to replace the three continuous
tracker signals with three sequences of pulse trains in
which each pulse train represents the numerical value of
one of the three observational quantities at discrete in-
stants of time during a pass. For convenience, the digits
represented by the pulse trains in this invention are the
“1” and “0” of the well-known binary number system,
where the presence of a pulse signifies a “1” and the
absence of a pulse signifies a “0.” It is to be understood,
however, that embodiments of the principles of this in-
vention are not limited to electronic apparatus based upon
the binary number system.

In the present invention, the three confinuous radar
signals are replaced by three sequences of pulse trains by
applving the radar signals to binary signal generator 301,
which i1s shown in detail in FIG. 4. Generator 301 is
responsive to control signals from master control network
311, illustrated in detail in FIG. 12, and generates four
sequences of binary pulse trains. Three of the sequences
correspond to the sequence {D}, {E}, {A}, described in
Part 1 above, and the fourth sequence corresponds to the
sequence {7}, the sequence of discrete times of observa-
tion of the triplets of observed data

(Dj: EJA_]): ]':1, 2, e v o I

Each of the four sequences contains n groups of on-off
pulses representing in binary digital form n values of slant
range, elevation angle, and azimuth angle at n discrete
times of observation.

The four sequences of discrete signals from generator
301, which for convenience shall be denoted {D}, {E},
[A}, {f}, are passed to first coordinate converter 392 to
convert these signals to an inertial, geocentric, rectangular
coordinate system, Converter 302 may be any one of a
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number of well-known general purpose digital com-
puters, and it is programmed in accordance with Equa-
tions 1, 2a, 2b, 3a, 3b, 4a, 4b, 5a through 5S¢, 6a, and 65
given in Part I above, to produce four sequences of binary
pulses corresponding to the sequences {x}, {y}, {z}, {¢}.

From converter 302, the four sequences of binary sig-
nals, denoted {x}, {3y}, {z}, {¢}, are transmitted to storage
network 303, where the information contained in.these
sequences 1s stored in static form for subsequent opera-
fions. The structural features of storage network 303
are I1ilustrated 1 detail in FIG. 5, and network 303 is
under the control of network 311 to supply the stored in-
formation to the proper point in the system at the proper
time.

At the end of a given pass, generator 301 stops pro-
ducing sequences of binary pulses, and the flow of in-
formation-bearing signals into storage network 303 comes
to a halt. At this point, control network 311 directs the
nondestructive transfer of the stored information from
storage network 303 to smoothing network 364, the in-
formation being transferred in the form of sequences of
binary signals. Smoothing network 304, which is further
illustrated in FIG. 6, is designed upon the principles set
forth in Equations 7a¢ and 7b to generate from sequence
of input signals {¢} together with the sequence {¢}, two

“smoothed” sequences of binary signals, {E} and {.i?}.
Thus from the three sequences of input signals {x}, {y},

{z}, together with the sequence {¢}, network 304 gencrates
six new sequences of so-called “smoothed” signals de-

noted {x}, {v}, {z}, {:E}, {;}, {;*} Each of the six se-
quences of output signals of network 304 comprises m

“groups of on-off pulses representing in binary digital form

m values of the smoothed quantities @;, ¥, 25, &5, 735 %
as described in Part 1 above, where n=2m if n 1s even,
and n=2m-1 if #n is odd.

From smoothing network 304, the six sequences of
smoothed signals are applied to orbital orientation angle
solver 395. Angle solver 305, like converter 302, is also
a suitable digital computer, and is adapted in accordance
with Equations 9c¢ through 9e¢, 10a, 10b, and 11, to derive
from the six sequences of smoothed input signals two
sequences of orbital orientation angle signals, one of
which is indicative of the sequence of m discrete values
of the nodal longitude {Q}, and the other is indicative of
the angle of inclination {I}. The two sequences of sig-
nals derived by angle solver 305 are passed to refined
estimate generator 309 and to averager 307. Averager
307, as described in detail below in connection with FIG.
7, operates as specified by Equation 8 to produce two
binary signals signifying best estimates of the two orbital
orientation angles Q., I,, as defined by Equations 124 and
125b. |

The two best estimate signals from averager 307, de-
noted Q., I. in conformity with the usage previously
adopted, are sent to two different components of the sys-
tem: to second coordinate converter 306; and to refined
estimate generator 369. At second coordinate converter
306, which may also be any well-known digital computer,
the two best estimate signals are utilized to convert the
three sequences of signals {x}, {y}, {z}, transferred from
storage network 303 by control network 311, to two se-
quences of polar coordinate signals {r}, {6}, in accordance
with Equations 13a, 135, 14a, 14b, 15a, and 15b. At
refined estimate generator 309, shown in detail in FIGS.
9A, 9B, 10A, 10B, and 11, the two best estimate signals
Q. I., together with the two sequences {Q}, {I}, from
angle solver 305, are utilized to derive refined estimates
of the orbital parameters.

The two sequences of polar coordinate signals, {r},
{6}, produced by converter 306 are transmitted to stor-
age network 303, where they are stored for use in de-
riving signals representative of best estimates of the four
emaining orbital parameters, r, 0. 7¢ 0. From net-
work 303, control circuit 311 directs the nondestructive



3,271,565

33

fransfer of the sequences {r}, {#} to smoothing circuit
304, which derives four “smoothed” sequences of sig-

nals {7}, {?:}, {6}, {E}. These four smoothed sequences
are transmitted to averager 307, which produces four

signals representative of the four first estimates rq, 61,

Te1, 001 The four first estimate signals are then applied
to trend removal network 308, together with the three
sequences {r}, {8}, {¢f} from storage network 303, to
obtain signals representing best estimates of the remain-
ing four orbital parameters. Trend removal network
308, which is shown in detail in FIG. 8, embodies the
principles set forth in Equations 174, 17b, 19a through
19d, 20a, 20b, and 20k through 20n. Operating in con-
junction with smoothing network 304 followed by av-
erager 307, as shown by the line connecting network
308 with smoothing network 304, the trend removal net-
work produces after &k cycles four best estimate signals
denoted rg, 0., 7o, 6.. These four best estimate signals
are sent to refined estimate generator 309, together with
the kth or last of four sequences of so-called “deviation”
signals

{ar}y, {ag )% {a7 )y {ag):

from smoothing network 304, to be combined with a
similar set of signals from another pass to form a set
of so-called “refined estimate™ signals. |

The structure of generator 309 is based upon the
principles expressed by Equations 23f, 23i, 254 through
25k, 32¢, and 50b, to derive from two sets of best esti-
mate signals from different passes, and their associated
variances and covariances, a single set of refined estimate

signals which 1s more accurate than either of the in-
dividual sets of best estimate signals. Highly accurate

predictions of future satellite positions may then be ob-
tained from the set of refined estimate signals by a suit-
able utilization system 310, and suitable prediction sig-
nals may be sent back to tracker 300 to orient both the
radar tracker antenna and any associated communica-
tions antennas to point at a satellite during future passes
over the tracker site. An example of a suitable utiliza-
tion system is shown in FIG. 1 of the article by R. Klahn,
J. A. Norton, and J. A, Githens, “Antenna Steering Sys-
tem,” volume 40, Bell System Technical Journal, page
1207 (1961).

FIG. 4A

That portion of binary signal generator 301 in FIG.
4A represents one of many circuit configurations which
may be used to supply signals signifying the beginning
and the end of a pass, and a signal to initiate the com-
bining of best estimates. Although the apparatus of
FIG. 4A is designed for a two-pass situation, it is be-
lieved that the extension to more than two passes will be
clear to those skilled in the arf.

In essence, FIG. 4A shows apparatus which uses a
direct-current energy source 13¢ connected through
switches 131, 132, and 133 to supply various signals,
Thus, at the beginning of a first pass, the operation of
switch 131, which may be any one of a number of well-
known switching circuits, connects energy source 130
through OR gate 134 to supply a “start pass” signal to
appropriate points in binary signal generator 301 and
master control network 311, while at the end of a first
pass, the operation of switch 131 connects energy source
139 through OR gate 135 fo supply an “end pass” sig-
nal to generator 301 and network 311, and an “end pass
number one” signal to refined estimate generator 309.
Similarly at the beginning and the end of a second pass,
switch 132 operates in the same fashion as swiich 131
to supply “start pass,” “end pass,” and “end pass number
two” signals to the same components.

In addition, on wobtaining a set of best estimate sig-
nals and associated variance and covariance signals for
each of the two passes, operation of switch 133 connects
energy source 130 to an appropriate point in refined
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estimate generator 309 to supply a signal that will initi-
ate the combining of the two sets of best estimate signals
to derive a set of refined estimate signals. Upon deriv-
ing a set of refined estimate signals, switch 133 may be
operated to disconnect energy source 130 from genera-
tor 309, thereby halting the operation of generator 309.

F1G. 4B

Turning now to that part of the apparatus of binary
signal generator 301 shown in FIG. 4B, each of the
three continuous signals, slant range, elevation angle,
and azimuth angle, generated by tracker 300 during a
pass is applied to a sampler, 400 through 400c, respec-
tively, of any well-known construction. The samplers
are simultaneously actuated by a frain of clock pulses
denoted oy from a clock pulse generator 409, of any
well-known design, to sample the amplitudes of the
three tracker signals at regularly spaced instants of time.
The «y clock pulses are one ©of three trains of clock
pulses generated by clock pulse generator 409. 'The
three trains of pulses, denoted o, «y, oy, all have the
same reptition rate, but differ from each other in phase
or time of occurrence. Thus each of the «; clock pulses
is delayed with respect to one of the preceding o« clock
pulses, and each of the as clock pulses occurs between
one of the «; pulses and the next following «g pulse.
Since the g, o1, and ay clock pulses are used to initiate
certain operations at specific times in the apparatus of
this invention, each train of pulses is directed through
gates 410a through 418c. Gates 410a through 418c, as
described on page 62 of the above-mentioned McCormick
reference, may be any one of a number of well-known
electronic devices which performs a logical AND op-
eration; that is, it produces a signal at its output terminal
only if identical signals are present at all of its input
terminals. Although these devices are often referred
to as AND gates, for simplicity they will be referred
fo in this application as gates.

Gates 410q through 410c¢ are simultaneously enabled at
the start of a pass by having the “1” output terminal of
flip-flop 412 connected in parallel to the control terminals
of the gates. At the start of a pass, a direct-current “start”
signal from the apparatus of FIG. 4A is passed through
delay 414 to set flip-flop 412 to the “1” state, thereby en-
abling gates 410a through 410c; at the end of a pass,
a direct-current “end” signal from the apparatus of FIG.
4A is passed through delay 413 to reset flip-fiop 412 to
the “0” condition, thereby disabling gates 4104 through
410c. The delay time of element 414 is adjusted to permit
binary counter 406 to be reset by the start pass signal
to a count of zero before passing the clock pulses to
various points in generator 301, and the delay time of
element 413 is adjusted to permit the taking of a last
set of samples from the radar signals before the end
pass signal disables gates 410a through 410c.

Each of the three regularly spaced train of samples
from samplers 400a through 400c is sent through a
delay device 402a, 4020, 402¢, followed by a gate 404a,
404h, 404c, to a conventional coder 4054, 4055, 405c,
respectively. Coders 405q through 405¢ serve to encode
the magnitude of each amplitude sample according to
a preassigned code; for example, each amplitude sample
may be encoded as a train of eighteen uniform “on-oft”
pulses equally spaced in time, representing an eighteen-
digit binary number, and also referred to as an eighteen
bit code. '

In addition, the time of observation associaed with each
triplet of amplitude samples is encoded by applying the
train of «y clock pulses to a binary counter 406, which
is provided with sufficient stages to count the total num-
ber of samples obtained during a single pass of a satel-
lite. For example, if not more than 512 samples are
obtained during a single pass, then a nine-stage binary
counter is sufficient, since 2°=512. Thus, at any time
during a pass, the triplet of pulse trains appearing at the
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output terminals of coders 405g through 4¢5¢ and the
the state of binary counter 406 represent in binary dig-
ital form the values of the three observational quanti-
ties (D, E;, A;) at a time #; measured from the beginning
of a pass. Counter 406 is reset to a count of zero by the
transtent portion of the direct-current “start” signal
coupled by capacitor 415 to the reset terminal of coun-
ter 406,

If desired, however, obvious errors in the magnitudes
of the three tracker signals may be eliminated by also
applying the amplitude samples from samplers 400q
through 400c to comparators 401q through 4¢1c. Com-
parators 401a through 461c compare the amplitudes of
adjacent samples in each sequence of samples, and when-
ever the amplitudes of adjacent samples differ by more
than a predetermined amount, thereby indicating a pos-
sible error, an error signal is generated by the comparator.
A suitable comparator is shown in FIG. 1 of B. Julesz
Patent 2,974,195, issued March 7, 1961.

The output terminals of comparators 401g through
401c are connected to the control terminal of an inhibit
gate 403, and «; clock pulse from generator 409 are
applied to the input terminal of inhibit gate 403. 1In
the absence of one or more erroneous samples in a given
triplet, no error signal is generated by any of the com-
parators, an «; clock pulse passes through inhibit gate
403 to enable gates 4044 through 494c, thereby allowing
the triplet of samples associated with the «, clock pulse
preceding the «; clock pulse to pass to coders 405a through
405c. However, the presence of one or more erroneous
samples in a triplet of samples applied to comparators
401a through 401c causes one or more of the correspond-

Ing comparators to generate an error signal that disables .

gate 403 and thus also disables gates 404a through 404c
by blocking the passage of an «; clock pulse through gate
403. Disablement of gates 404a through 404c prevents
the encoding of an entire triplet of samples confaining
One or more erroneous samples, and therefore a source
of error is eliminated from the encoded signals used in
the determination of a set of best estimate signals. The
«y clock pulses which do pass through gate 463 are re-
ferred to as ay” pulses, as shown in FIG. 4. It is noted
that the number of «;” pulses corresponds to the number
of samples, n, passed by gates 404q through 404¢ and
encoded by coders 405a through 405¢ during a pass,

Elimination of triplets of samples in the fashion de-
scribed above results in nonuniform spacing in time of the
triplets of samples encoded by coders 4054 through 405c.
To maintain the correspondence between the encoded
samples and the state of binary counter 406, the output
terminal of counter 406 is connected to one of the input
terminals of gate 407 through delay element 411, and the
output terminal of inhibit gate 403 is connected to the
other input terminal of gate 407. The binary signals
passed by gate 407 thus indicate the times of observa-
tiog of any those samples encoded by coders 4054 through
4035c.

As each successive triplet of samples is encoded, the
resulting triplet of binary signals and its associated bi-
nary time signal from gate 407 are passed to first co-
ordinate converter 302. Converter 302 is 2 programmed
digital computer, for example, an International Business
Machine (IBM) computer such as the IBM 1620 or IBM
7090, which is successively enabled by a train of «,
clock pulses from clock pulse generator 409 to convert
each triplet of binary signals (Dj, E;, Ay) to a corre-
sponding triplet of signals (x;, y;, Zy) 1n an inertial, geo-
centric, rectangular coordinate system in accordance with
equations (1) through (65) as described above. Details
of a suitable electronic digital computer are not shown
in the drawings or described herein, since it is believed
to be obvious to those skilled in the art of programming
general purpose computers that certain input and out-
put devices and other peripheral equipment are neces-
sary for operating such computers in accordance with
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the equations set forth herein. Complete instructions
for setting up and operating general purpose digital com-
puters of the type referred to above may be found in
any one of a number of well known texts; examples of
suitable texts are R. S. Ledley, Digital Computer and

Control Engineering (1960), Mathematical Methods for .«

Digital Computers (A. Ralston and H. S. Wilf Eds.)
(1960), and J. Jeenel, Programming for Digital Com-
puters (1959). Further, it is to be understood that
computers other than those mentioned above may be
employed if desired. The «p clock pulses are delayed
with respect to both the «y clock pulses and the «; clock
pulses in order to compensate for the time delay incurred
in encoding the amplitude samples in coders 4054 through
405c. To ensure operation of converter 302 only at
those instants following the encoding of error-free trip-
lets of samples, the « clock pulses are passed through
inhibit gate 408 before being applied to converter 302,
the output terminals of comparators 401a through 401c
being connected to the confrol terminal of inhibit gate
408 to block the passage of a, clock pulses whenever an
erroneous sample is detected.

FIG. 5

Referring now to FIG. 5, as each group or “word”
of binary signals (Dj, E;, A;, t;) is converted to an inertial,
geocentric, rectangular coordinate system, the resulting
new word, denoted (xj, y;, zj, %), is transmitted to
storage network 303. Within network 303, the signals
from converter 302 are applied to register 502, which
may be of the type described on page 80 of the above-
mentioned McCormick reference. The x; and y, binary
signals in each word are applied to register 502 through
OR gates 500a and 5005, respectively, since polar co-
ordinate signals r; and 6;, which are subsequently de-
veloped, are also applied to these portions of register 502
at a later time.

Register 502 is provided with sufficient capacity to
store an entire word (xj, y;, 2, #;). For example, if the
X3, ¥, %5 signals are each eighteen bits in length, and the
ty signal is nine bits in length, then register 502 must have
at least a 63-bit capacity. In addition, register 502 is
provided with storage capacity for an additional 1-bit
signal. This additional one-bit capacity is used to store
a single pulse which will identify the last word, (xp, Vn,
Zn, Iy) encoded during a pass. This single pulse is ob-
tained from master control network 311 at the end of a
pass, and becomes a part of the last word, (Xn, Yn,
Zns ). This one additional bit also appears in the last
word of each sequence of words generated durin g various
operations and it is used to achieve asynchronous opera-
tion of the apparatus of this invention; that is, the appear-
ance of an addifional bit during an opsration signifies the
last word to be operated upon, and therefore the last bit
may be utilized as a signal to terminate the current op-
eration and to initiate the next operation. |

From register 502, each word is passed through gates
503a through 503¢ to be recorded in memory unit 504,
which may be any one of a number of devices suitable
for recording signals in binary digital form; for example,
memory 504 may be a rotating magnetic drum of the
type described on pages 109 through 112 of the above-
mentioned McCormick reference. However, to describe
the mechanism by which signals are recorded in memory
304 from register 502, it is necessary to refer at the same
time to FIG. 12, which shows the detailed structure of
master control network 311, and to FIG. 4B, which shows
the detailed structure of binary signal generator 301.

FIG. 12

At the start of a pass, the direct-current “start”
from the apparatus of FIG. 4A is applied to start pass-end
pass circuit 4 of FIG. 12. The transient portion of this
“start” signal is coupled through capacitor 32 and OR
gate 24 to reset high counter 22 of counting circuit 2 to

signal
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the count of zero, and is passed through delay element
34 to reset flip-flop 35 to the “0” state. The “0” output
terminal of flip-flop 35 is connected to gate 14 of count-
ing circuit 2 in order to enable the count registered by
all j stages, 22a through 22j, of counter 22 to be trans-
ferred to address selector 18.

The first group of signals (xy, yy, z4, ;) passed from

coordinate converter 302 to register 502 after the start
of a pass is accompanied by a first «y’ pulse from gate
403 of FIG. 4B. This first «y” pulse is applied through
OR gate 19 to high counter 22 in circuit 2 of FIG. 12,
thereby advancing counter 22 to the count of one. The
next ez clock pulse from generator 409 following the
first «;” pulse is delivered to gate 14 which, having been
enabled by flip-flop 35 at the start of a pass, enables gate
135 to transfer a count of one signal from counter 22 to
address selector 18 through OR gate 17.

Address selector 18, which may be of any well known
design as described in Chapter 8 of the McCormick refer-
ence, has its output terminal connected to memory unit
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504, and operates to locate the address position of mem-

ory 504 corresponding to the number represented by the
count signal applied to its input terminal. Thus when
the count of one signal is applied to the input terminal
of selector 18, the number cne address position of mem-
ory 504 is located and this is where the first word
(X1, Y1, 21, t1) is recorded or “written.” The first word is
written into memory 504 from register 502 by the «,’
pulse enabling gates 503a through 5034 of FIG. 5 and
the “write” terminal of memory 504, after being delayed
by element 5095 for a time sufficient to permit location of
the appropriate address position of memory 504.

The above process is repeated for each group of sig-
nals (x;, ¥;, z;3 #;) stored in register 502 during a pass.
Thus, the jth «;’ pulse is applied to counter 22, advancing

it to the count of j, and a count of j signal is transferred
to address selector 18 by the next oy clock pulse following

the jth «," pulse. Address selector 18 locates the jth
address position of memory 504, and by this time the jth
a1’ pulse has passed through delay element 5895 to enable
gates 503a through 503¢ and the write terminal of mem-
ory 504, thereby writing the jth word stored in register
502 in the jth address position of memory 504.

At the end of a pass, the “end” direct-current signal
generated by the apparatus of FIG. 4A is delivered to
start pass-end pass circuit 4 of FIG. 12. This “end”
signal is delayed by passing it through delay element 30

in order to permit the recording in memory 504 of the

last set of binary signals (xn, ¥n, Zn, fn) Obtained during
obtained during a pass., The output terminal of delay
element 30 1s connected through capacitor 31 to high-low
memory advancing circuit 3 to set flip-flop 36 to the “1”
state, and through capacitor 31 followed by delay 33
to set flip-flop 35 of circuit 4 to the “1” state. Setting
flip-flop 36 to the “1” state starts the operation of circuit
3, while setting flip-flop 35 to the “1” state stops the re-
cording of binary signals in memory 504 by disabling
~gate 14, In conjunction with the dlsnabhng of gates 410a
throuﬂh 410c in FIG. 4B.

In addition, the “1” output terminal of flip-flop 335 1s
connected to one of the input terminals of OR gates 505
and 5184 in storage metwork 303, as shown in FIG. 5.
‘This connection serves to enable simultaneously the read
terminal of memory 504 and gates 511q¢ through S1le
in order to “read out” or transfer the words located by
selector 18. |

The next operation performed by the apparatus of this
- invention is the so-called “smoothing” in network 304,
shown in FIG. 6, of the (x, v, z) signals recorded in
memory 504. As previously described in Part I, the prin-
ciples of smoothing defined by Equations 7a and 7b re-
quire that the n signals stored in memory 504 be paired
in a particular order, depending upon whether n is even
or odd. For n even, say n=2m, the n words stored in
memory 504 are grouped into m pairs by pairing the first
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word (xy, y1, 21, 1), with the (m-1)th word (xyi1,
Ym+1 Zm+1s tmy1); the second word, (xz, y2, 29, 22) With
the (m-2)th word (Xmy9 Ym+2 Zmi2 fme2); and so on.
However, for n odd, say n=2m-1, the n words stored
in memory 304 are grouped info m pairs by omitting the
middle word (Xmi1, Ymi1 Zms1s 'me1), and by pairing
the first word (xy, ¥1, 71, ¢1), with the (m-2)th word
(*m12 Ymi2 Zma2s Imr2); the second word (xs, ¥s, 22, 12),
with the (m--3)th word (¥my3, Ym+3, Zm+3s fm+3); and so
on. The apparatus of control network 311 shown in FIG.
12 achieves this pairing, for n either odd or even, in the
following manner,

In counting circuit 2 of FIG. 12, the oufput terminal
of the first stage, 22a, of counter 22 is connected to one
of the three input terminals of gate 20, the “1” terminal
of flip-flop 35 is connected to another input terminal of
gate 20, and the «y clock pulse output terminal of clock
pulse generator 409 of FIG. 4B is connected to the third
input terminal of gate 20. At the end of a pass, after
the last or nth word has been recorded in memory 504,
high counter 22 shows a count of » and flip-flop 35 of cir-
cuit 4 is set to the “1” condition. If the count n is even,
the first stage 22a is in the “0” state and gate 20 thus re-

mains disabled. However, if n is odd, then the first stage

22a 1s in the “1” state, thereby enabling gate 20 to pass
an ogy clock pulse to stage 22a of counter 22 through OR
gate 19. This «y clock pulse advances counter 22 to an
n-+1 count and changes stage 22a to the “0” state, which
disables gate 20 to prevent more than one «g clock pulse
from passing to counter 22. Therefore, one «y clock pulse
interval after flip-flop 35 is set to “1” at the end of a pass,
stages counter 22b through 22 of high counter 22 register
either the count m or the count m--1, depending upon
whether n is even or odd.

In addition, the “1” terminal of flip-flop 35 is con-
nected through capacitor 29 and OR gate 28 to the set
terminal of the first stage, 274, of low counter 27 and
to the reset terminals of all the other stages, 27b through
27i. Therefore, at the same time that stages 225 through
22i of high counter show a count of either m or (m+4-1),
lower counter 27 shows a count of 1.

The first word of the first pair of words “read” out
of memory 504 to smoothing network 304 is (xy, y1, 21
#1), and this word is selected by connecting the output
terminals of stages 27a through 21i of counter 27 to
memory 504 through gate 26, OR gate 17, and address
selector 18. A one count signal from counter 27 Is
passed to address selector 18 to find the first address posi-
tion and transfer the first word upon the arrival of a
first timing signal, +y, from circuit 3 which enables gate
26. The second word of the first pair of words is read
out of memory 504 by having a second timing signal,
T4, from circuit 3 applied after the first 1 signal through
OR gate 21 to advance stages 22b through 22j of counter
22 to either the m-+1 or m--2 count, depending upon
whether n 1s €ven or odd. Stages 22b through 22Zj are
connected to gate 16, which is enabled by a third timing
signal, 75, from circuit 3. This third timing signal,
which follows timing r, and precedes the next =1, enables
gate 16 to pass a count signal indicative of the count
registered by stages 22b through 22j through OR gate
17 to address selector 18. Address selector 18 locates
either the (m-+1)th or the (m-+2)th address position
of memory 504, depending upon whether n is even or
odd, and reads out the word in that position as the sec-
ond word in the first pair of smoothing network 304.
The third timing signal from circuit 3 also advances
counter 27 to the count of 2, and fhe succeeding se-
quences of timing signals from circuit 3 repeat the above
operations to transfer successive pairs of words from
memory 504 to smoothing network 304, in accordance
with the principles of this invention.

The three timing signals supplied to counting circuit
2 from circuit 3 are obtained in the following fashion.

‘Upon the setting of flip-flop 36 to the “1” state by the
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delayed “end pass” signal from circuit 4, gate 48 1is
enabled through OR gate 56, thereby permitting a first
By clock pulse from clock pulse generator 39 to set fiip-
flop 43 to the “1” state. Clock pulse generator 39,
which may be of a construction similar to that of clock
pulse generator 409 of FIG. 4B, produces four trains
of clock pulses, denoted B,, Bi, B2, B3, €ach of which
has the same repetition rate but a different time of occur-
rence. Thus, as illustrated in FIG. 13, each of the g
clock pulse follows a B clock pulse, each of the 85 clock
pulses follow a B; clock pulse, and each of the 553 clock
pulses both follows a By clock pulse and precedes the
next By clock pulse. If desired, the operations controlled
by the clock pulses from generator 39 may be performed
either more or less rapidly than those controlled by the
og, o1, g clock pulses from generator 409, with a cor-
responding adjustment of the repetition rate of the 3y,
B1, B, and B clock pulses.

The “1” output terminal of flip-flop 43 is connected
in parallel to gates 47, 49, and 41. In addition the “1”
output terminal of flip-flop 43 is coupled through capaci-
tor 48 to flip-flop 50 in order to reset flip-flop 50 to the
“0” state when flip-flop 43 is set to the “1” state. The
“0” output terminal of flip-flop 50 is connected to gate
52, and the enabling of gate 49 by flip-flop 43 and of
gate 52 by flip-flop 50 permits a first 8; clock pulse to
pass to counting circuit 2 as the first timing signal ry.

The first timing signal =; from gate 52 is also applied
in parallel to delay element 53 and to flip-fiop 54 in
order to set it to the “1” state. The “1” output termi-
nal of flip-flop 54 i1s connected to gate 55, thereby en-
abling gate 55 to pass the delayed first =; timing signal
to counting circuit 2 as the first 7o timing signal.

The first 85 clock pulse following the first 8; clock
pulse passes through enabled gate 47 to set flip-flop 50
to the ““1” state, thereby blocking further g; clock pulses
from passing through gate 52. The “1” output termi-
nal of flip-flop 50 is connected to gate 51, thereby en-
abling the first B3 clock pulse following the first 8, clock
pulse to pass through gates 41 and 51 to counting circuit
2 as the first =3 timing signal.

The relationships between the times of occurrence of
clock pulses By, 81, B2, and B; are illustrated in FIG.
13. The first By clock pulse generated after flip-flop 36
is set to the “1” state and gate 40 is enabled serves to
set flip-flop 43 to the “1” state, which resets flip-flop 50
to the “0” state and enables gates 49 and 52 to pass the
first 8; clock pulse to counting circuit 2 as the first +4
timing signal. The first 8; clock pulse also becomes the
first » timing signal after setting flip-flop 54 to the “1”
state and passing through delay element 53 and gate 55.
The first 8, clock pulse, which follows the first g; clock
pulse by a time interval sufficient to allow both the 74
and the =, timing signals to be applied to counting cir-
cuit 2, passes through gate 47 to set flip-flop 50 to the
“1” state, thereby simultaneously disabling gate 52 and
enabling gate 51 to permit the first 83 clock pulse to pass
to counting circuit 2 as the first 75 timing signal.

The first 83 clock pulse passed by gate 51 1s also used
to reset flip-flop 43 to the “0” state, in order to disable
gates 47, 49, and 41 and thus prevent spurious pulses
from passing to counting circuit 2. The second g, clock
pulse following the first B3 clock pulse sets flip-fiop 43
to the “1” state and starts the generation of a second
set of timing signals. The inferval between successive
B, clock pulses is made sufficiently long to permit the
completion of the operations performed by smoothing
network 304 on each pair of words transferred from
memory unit 504.

FIG. 6

Referring now to both FIG. 5 and FIG. 6, the words
read out of memory 504 are applied to smoothing net-
work 304 in the following manner. Each word is made
up of four groups of binary pulses, representing the four
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quantities x;, y;, zj, 5, which are passed by the four gates
311a through 511d, and the last word (x5, Yn, Zn, Zn)
carrics an additional binary pulse, denoted w, which is
passed by gate S5I11e. Gates 51la through S1ie are
enabled at the end of a pass by the “0” state of flip-flop 36
in circuit 3 of FIG. 12, and while enabled, gates 511a
through 5114 pass each of the four groups of binary
pulses x;, ¥;, Zj, ¢ to the four pairs of gates 5141 and
514/, 515/ and 515/, 516/ and 516!/, and 517/ and 5171,
respectively. When the last word appears, gate 51le
delivers the « pulse through delay element 520 to flip-
flop 36 as an “end-of-smoothing” pulse, wg,, to reset it to
the “0” state and terminate the operation of circuit 3
in transferring (x;, y;, 23 #;) words from memory 594 to
smoothing network 304. Gates 51471 through 517h are
connected to high register 602 1n smoothing network
304, and gates 514/ through 517/ are connected to low
register 605, respectively. Registers 602 and 605 are con-
ventional storage devices of any desired construction, the
designations “high” and “low” referring to the division
of the sequence of words into two subsequences accord-
ing to the explanation presented above under Section C.
Smoothing and Averaging. An example of a register de-
vice for storing words is shown in J. Millman and
H. Taub, Pulse and Digital Circuits, page 412 (1956).

Following the end of a pass, gates S14/ through 517!
are enabled by a first ; timing pulse from circuit 3 in
network 311 to pass to low register 605 the four groups
of pulses (x1, y1, 21, £1) located at address position one by
selector 18 1n response to one count signal from low
counter 27; next, for n even, for example, gates 5144
through 517/i are enabled by a first 73 timing pulse to
pass to high register 602 the four groups of pulses (xp.1,
Yma1s Zmals fma1) located at address position (m--1) by
selector 18 in response to an (m-+1) count signal from
stages 22b through 22j of high counier 22. After the
group of binary pulses (Xm11, Ym+1> Zm+1y Ime1) 1S stored
in register 602, the second B, clock pulse following the
first =5 timing pulse, as shown in FIG. 6, enables gates
606a through 606/. Thus, enabled, gates 606a through
606c pass the Xmi1, Ymet, Zma1 pulse signals simulta-
neously to adders 608a through 608c and to the minuend
terminals of subtractors 610a through 610c; gates 606¢
through 606g pass the x;, y1, 71 pulses simultaneously to
adders 608a through 608c and to the subtrahend termi-
nals of subtractors 618a through 610c; and gate 606d
passes the 7.1 pulse signal to the minuend terminal of
subtractor 610d while gate 606/1 passes the ?7; pulses to
the subtrahend terminal of subtractor 610d.

Shift registers 609a through 609c¢ following adders
608a through 608c, respectively, operate to divide the sum
signals developed by the adders by a factor of two, to
produce at their quotient terminals three groups of pulses

indicative of the three smoothed quantities z1, 71, 21,
where

— ___$1+-’Em+1
£ 5

and so on. Subtractors 610a through 6104 operate to
subtract each of the four groups of pulses xy, y1, 21, 4
from the corresponding groups of pulses X1, Ym+1, Zma1s
Im+1 to Torm at their output terminals the four difference
signals Xp . 1—X1, Ymy1—Y1> Zmr1—21, and 2y 1—12;. The
first three of these four difference signals are applied to
the dividend terminals of dividers 611a through 611c,
respectively, while the fourth difference signal, 74 1—1;,
is applied in parallel to the divisor terminals of dividers
61ia through 61ic. Dividers 611a through 611c¢ form
at their quotient terminals three groups of output pulses

representative of the three components ?ﬂ, -;:}1, 21, Of the

first smoothed velocity vector, 35; The individual adders,
subtractors, dividers, and shift registers utilized in a
smoothing network are of well-known design, and de-
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tailed descriptions of them may be found in Chapter 7
of the McCormick reference. |
The sequence of operations described above for the
first pair of binary signals transferred from memory 564
in storage network 303 to smoothing network 304 is per-
formed successively for each of the remaining m—1
pairs of signals from memory 504, until the wg, pulse in
the last word resets flip-flop 36 in circuit 3 of network
311 to terminate the transfer of signals. Each set of six

“smoothed” signals, =, ¥;, %;, #j3, ¥, #; generated by
smoothing network 304 is sent to orbital orientation angle
solver 305 through gates 614a through 614f, which are
enabled during the smoothing of x, y, z signals by a com-
mon connection between their input terminals and the
“1” output terminal of flip-flop 36. Angle solver 305 is
a digital computer of suitable design, for example, an
IBM 1620 computer, which is adapted or programmed
in accordance with Equations 9¢ through 9¢ and 10a and
105 to derive from each set of six smoothed signals from
network 304 a pair of signals indicative of values of the
two orbital orientation angles Q; and I;.
quences of angle signals {Q}, {I}, generated by angle
solver 303 are transmitted in parallel to averager 307 and
to refined estimate generator 309. Refined estimate gen-
erator 309, which is described later on, serves to derive
estimates of the sample-mean variances and covariances
from the sequence of angle signals, while averager 367,

which is described next in connection with FIG. 7, oper-
~ ates to derive two best estimate signals, Q. and 1., from
the two sequences of angle signals.

FI1G. 7

With reference to the apparatus of averager 307 illus-

trated in FIG. 7, the fwo sequences of angle signals, {Q}
and {I}, from angle solver 305 are applied to the input
terminals of gates 700a and 7080b, respectively. These

gates are enabled during the operation of angle solver 3¢5
through having their other input terminal connected to
the “1” output terminal of flip-flop 36 in control network
311. This arrangement passes the sequences {Q} and
{I}, as they are generated, through OR gates 712a and
7125 to accumulators 703a and 7035, respectively. Ac-
cumulators 703a and 7935, as described on page 92 of
the McCormick reference, store the cumulative sum of
the binary numbers represented by the sequences of binary
pulses applied to them. Thus, after the last angle sig-
nals, @, and I,,, produced by angle solver 305 have been
applied to accumulators 703a and 7035, there is stored

in accumulator 7032 a binary word representative of
the sum |

111

2.9

1=1

and in accumulator 7035 a binary word representative
of the sum

m,
2.1
j=1

The end of angle solving is signaled by the « pulse
associated with the last word (xy, yn, zn, #y) from memory
504, which 1s delayed by passage through delay element
521 of network 335 to become w,g, the delay permitting
completion of the angle solving operation. The wyg pulse
is applied to gates 704a and 7045 to enable the sum
signals in accumulators 703a¢ and 7035 to be transferred
to the dividend terminals of dividers 714a and 7145, re-
spectively. While cumulative signals are being formed
in accumulators 703a and 7030, the number m of angle
signals in each sequence {Q}, {I} is being counted by
binary counter 709 through the application of the m =,
timing pulses generated by circuit 3 of network 311 during
the smoothing of the x, y, z signals . The w,5 signal also
enables gate 711 at the end of angle solving, thereby trans-
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ferring an m count signal from counter 769 to the divisor
terminals of dividers 714a and 714b.

Dividers 714a and 714b develop at their output termi-
nals quotient signals indicative of best estimates of the
orbital orientation angles, Q. and 1., in accordance with
Equations 12a and 125 in Part I. These two best esti-
mate signals are then transmitted through gates 7174
and 717b, respectively, to refined estimate generator 309
and to second coordinate converter 306. Gates 717a and
717b are enabled by the w,g pulse after passage through
delay element 718a to become the w,s’ pulse. Coordi-
nate converter 306, which may be a general purpose digi-
tal computer such as the IBM 1620 computer, is also
supplied with the x, y, z signals stored in memory 504,
and operating under a suitable program specified by the
Equations 134 through 155 in Part I above, converts the
X, ¥, 2 signals into r, § signals.

Converter 306 is supplied with x, y, z signals in the
proper sequential order by the following arrangement.
Referring back to FIG. 12, the w,g” signal from delay
element 718« of averager 307 is applied through OR gate
7 to set flip-flop 5§ of sequential memory advancing cir-
cuit 1 to the “1” state. The “1” output terminal of flip-
flop § is connected through OR gate 7 to an input termi-
nal of gate 10, and in counting circuit 2, to an input termi-
nal of gate 23, and through capacitor 25 and OR gate
24 to the reset terminals of high counter 22. When flip-
flop § is set to the “1” state, counter 22 is reset to a count
of zero, and gates 10 and 23 are enabled. From clock
pulse generator 13, the v, clock pulse next following the
setting of flip-flop 5 to the “1” state is passed by gate
16 to set flip-flop 6 to the “1” state. Since the “1” output
terminal of flip-flop 6 is connected in parallel to the input
terminals of gates 9a, 95, and 9c, these gates are en-

abled following the setting of flip-flop 6 to the ‘1” state
by a w3 clock pulse.

Clock pulse generator 13 may be of conventional design
and generates four trains of clock pulses, denoted Yor V1,
o> vs,» Which have the same repetition rate but different
times of occurrence. That is, vq, precedes vy, v; follows
vo and precedes vq, o follows v, and precedes <y, and g
follows vs and precedes v4. When gates 9a through 9c
are simultaneously enabled by a v, clock pulse setting
flip-fiop 6 to the “1” state, the next following vo clock
pulse passes through gate 9a to advance counter 22 from
zero to the count of one. The ~; clock pulse following
the first v, clock pulse passes through gate 95 and OR
gate 38 to enable gate 15 and thereby transfer a count of
one signal from counter 22 to address selector 18. The
v1 clock pulse is also transmitted to storage network 305,
where it enables the read terminal of memory 504 and
gates 512a through 512¢ and 518. This serves to transfer
the three groups of binary pulses x;, ¥, z;, recorded in
the first address position of memory 564 and located by
selector 18, to second coordinate converter 306.

Converter 306 converts the xy, y;, z; binary pulses to
two groups of binary pulses indicative of polar coordi-
nates, ry, 6;, in the orbital plane of the satellite. The
r1 and 6y signals produced by converter 306 are applied
to gates S0la and 501b, respectively, in network 305,
which are enabled by the first v, clock pulse from clock
pulse generator 13 in network 311 to pass the ry, 01 sig-
nals through OR gates 5002 and 5005 to register 502,
From register 502, the r;, 6, sienals are recorded in
memory 504 in place of the xy, y, signals already recorded
recorded in address position number one, by having the
v2 clock pulse pass through delay element 509z and OR

gate 510 to enable gates 5034 and 503 and the write

terminal of memory 504. The first v, clock pulse also
resets flip-flop 6 in network 311 to disable gates 9 through
9c¢ until the next v3 clock pulse, which is the second Y3
pulse generated by clock pulse generator 13 after the
wag pulse sets flip-flop 6 to the “1” state and starts the
transferring of the second set of binary signals, x3, v, Zo,
from memory 504 to coordinate converter 306, and the
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second set of converted signals, r, 85, back {0 memory
504.

When the last three groups of pulses, x,, ¥n, Zn, are
read out of memory 504, the last word bit w associated
with them is also read out by the enabling of gate S18.
This last word bit is passed through delay element 523,
after which it is denoted w, to signify the end of the co-
ordinate conversion operation performed by converter
306. The delay time of element 523 is adjusted to allow
sufficient time for the conversion of X,, ¥n, Zn, tO *n, fn
signals, so that the w, signal is applied to the reset termi-
nal of flip-flop 5 immediately after the ~, clock pulse that
enables memory 504 to record r,, 6,. The resefting of
flip-flop 5 disables gates 10 and 23 to stop the transfer
of further signals to converter 306. The w, signal is also
used to set flip-flop 11 to the “1” state in order to disable
inhibit gate 12 and block ~, pulses for the subsequent op-
erations to be performed by circuit 1 of network 311
upon the signals obtained from a given pass. At the start
of the next pass, however, flip-flop 11 is reset to the “0”
state by the “start” signal from circuit 4, thereby enabling
inhibit gate 12 to permit the recording of r, ¢ signals in
memory 504 at the proper time.

The next operations to be performed in this invention
are smoothing and averaging of the r, ¢ signals stored in
memory unit 504, to obtain four signals representative
of first estimates of the four remaining orbital param-
eters, », 0, 7, 9. These four first estimate signals, which
shall be denoted, r.1, 801, ©c1, 9c1, are obtained by utiliz-
ing the o, signal to initiate the operation of circuit 3 in
network 311, which controls the transfer of pairs of r,
g, t signals from memory 504 to smoothing network 304
in the proper order.

The w, signal is delivered to the set terminal of flip-
flop 37 in circuit 3 of network 311, which sets flip-flop 37
to the “1” state, and through a connection between the
“1” output terminal of flip-flop 37 and gate 40, actuates
circuit 3 to transfer the proper pairs of signals from mem-
ory 504 to smoothing network 304. In addition, the “1”
output terminal of flip-flop 37 is connected to the read
terminal of memory 504 through OR gate 565, and to
gates 811q, 511hH, 511d, and 5124. This arrangement
serves to transfer pairs of r, 4, r signals to smoothing
network 304, in exactly the same fashion as pairs of x,
v, Z, ¢ signals were previously transferred.

Referring now to FIGS. 6 and 7, as each pair of ry,
9; signals is smoothed in network 304, the four resuiting

smoothed signals, denoted r;, 85, 74, 6; are transmitted
to averager 307. At averager 307, each group of four
smoothed signals is passed through gates 701a through
701d, which are enabled by the “1” state of flip-flop 37,
to accumulators 703a through 707d. Each of the ac-
cumulators develops a signal representative of the cumu-
lative sum of all the binary pulses applied to it, so that
by the end of the smoothing operation performed by
smoothing network 304, accumulators 703a through 703d
have developed at their output terminals four signals rep-
senting the four sums

In order to derive four first estimate signals from these
four sum signals, it is necessary to divide each sum sig-
nal by a signal indicative of the number m. Such a sig-
nal is obtained by counting in binary counter 709 the
m 7o timing pulses generated in circuit 3 during the
smoothing of the r, 6 signals, and by applying the total
count in counter 709 in parallel to the divisor terminals
of dividers 714a through 714d at the same time that the
four sum signals are applied to the dividend terminals.
The w pulse associated with the last word (rn, 9n, %),
after passage through delay element 522 in network 305,
becomes an “end-of-smoothing r, 6”7 signal, denoted wgp,
and 1s used to enable gates 705a through 7054 and 711
in averager 307, in order to apply the four sum signals
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and the m count signal to the dividers at the same instant.
The wgp signal also terminates the operation of circuit 3
in network 311 by being delivered to the reset terminal of
flip-flop 37, and simultaneously initiates the next opera-
tion performed by the apparatus of this invention, trend
removal, by setting flip-flop 8 in circuit 1 of network 311
to the “1” state.

Dividers 714a through 714d of averager 307 form
at their respective quotient terminals four first estimate
signals 7.y, 0.1, 701, 901, from which four best estimate
signals are derived in trend removal network 308, the
apparatus of which is illustrated in FIG. 8. The four
first estimate signals are passed to position vector regen-
erator 800 of network 308 through gates 716aq through
716d, respectively, the gates being enabled simultane-
ously by the end-of-smoothing signal, after a time delay
sufficient to allow for completion of the division opera-
tion. The proper time delay is effected by passing the
wgp signal through delay element 7185, after which the
wgp signal 1s denoted wgp’.

Before proceeding to a description of the trend re-
moval operation performed by the apparatus of network
308 shown in FIG. 8, it 1s necessary to note that both
the trend removal operation and the combination of best
estimates operation require a signal representing the
reference time, 7,, of each set of best estimate signals.
As defined in Equation 12c¢, the reference time of a set
of best estimates is

1 n
tg=_th
ﬂjﬂl

where #; is the time of observation of the jth set of
observed data. Since in this invention the number n
is always equal to 2m, either because n is even or be-
cause the (m--1)th or middle set of data is not utilized
when n is odd, a signal representative of the number
n—=2m may be obtained by multiplying the number of
7o timing pulses, m by a constant factor of 2. Thus, as
illustrated in FIG. 7, the wgp signal also enables gate 710
to pass the count of m from counter 709 to shift regis-
ter 713, which 1s designed to develop at its output termi-
nal a binary signal representing a number equal to twice
the number represented by the binary signal applied to its
input terminal. The 2m signal developed by shift regis-
ter 713 1s applied to the divisor terminal of divider 714e
and a signal indicative of the sum

Il
2t
j=1

is obtained from accumulator 707 through gate 708.

The input signals to accumulator 707 comprise the
sequence of time signals associated with the sequence of
r, 8 signals transferred from memory 504 to smoothing
network 304 during the smoothing of the r, 4 signals.
Thus, as illustrated in FIGS. 5 and 7, the time signal
t; assoclated with each pair of rj, ¢, signals is passed from
gates 517h and 517! through OR gates 525 to gate 702
and thence to accumulator 707. Gate 702 is enabled
only by the “1” state of flip-flop 37, so that accumulator
707 forms a sum signal only during the smoothing and
averaging of the r, 2 signals. The reference time signal
t, developed by divider 714¢ from the sum signal

1
2t
j=1

from accumulator 707 and the count of 2m signal from
shift register 713 is transmitted through gate 717 to both
position vector regenerator 800 of trend removal network
308 and refined estimate generator 309.

FI1G. 8

With reference to FIG. 8, the four first estimate sig-
nals r¢, 8.1, 7e1, 8c1, and the reference time signals, £,
from averager 307 are applied through OR gates 813qg
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through 8134 to position vector regenerator 800. In
addition, the four first estimate signals are stored in reg-
ister 807 for future use. Position vector regenerator
880 is a general purpose digital computer for example an
IBM 1620 computer, adapted in accordance with Equa-
tions 17a, 17b, 19a, 19b, 19¢ and 194 to derive from the
four first estimate signals two new sequences of digitals
signals representative of the components {r}!, {6}1, of a
first sequence of regenerated n position vectors {P}l, To
obtain these regenerated component signals, it is neces-
sary to supply regenerator 800 with the sequence of time
of observation signals {¢}, associated with the sequences
of observed component signal {r}, {6}, since each pair of
regenerated signals, rit, 6;1, is compared with a corre-
sponding pair of observed signals, r;, 6, in subfractors
801a and 8015.

From memory 504 in network 303, the time of observa-
tion signals {7} are applied to position vector regenera-
tor 800, and the {r}, {6} signals are applied to the
minuend terminals of subtractors 861a, 801b, respec-
tively, by utilizing the end-of-smoothing signal, wep, from
delay element 522 to set flip-flop 8 in circuit 1 of net-
work 311 to the *“1” state, as previously mentioned. In
circuit 1 of network 311, the “1” state of flip-flop 8
enables gate 10 to pass the first v4 clock pulse following
the wgp signal, thereby setting flip-flop 6 to the “1” state
and enabling gates 94 and 9. In addition, the “1” state
of flipflop 8 enables the read terminal of memory 504
and gates S13a, 513b, 513c, and 519. This arrangement
serves to pass, in sequential order, the », ¢ signals from
memory 3504 in network 303 to subtractors 801ag and
8015, respectively, and the ¢ signals to position vector
regenerator 800, all in trend removal net work 308.

As each pair of signals, ryl, 41, is produced by re-
generator 800, they are applied to the subtrahend termi-
nals of subtractors 801¢ and 8015, respectively, which
form at their output terminals signals proportional to
the differences Arjl=r;—r;t, A8;l=06;—0;1, respectively.
The difference signals Aryl, Ag;l are sent to register 804,
together with the corresponding time signals, 7. In con-
trol network 311, the jth -+, clock pulse, which enables
gate 15 to pass a count of j signal from counter 22 to
address selector 18, also enables gates 8054 through 805¢
of network 308 to pass the jth signal Aryl, Ag, #; from
register 804 to memory unit 806, and enables the write
terminal of memory 806 to record these signals. How-
ever, in network 308 the +, clock pulses are first passed
through delay element 815, which suitably delays the
v clock pulses to permit completion of the operations
performed by regenerator 800 and subtractors 801a and
8015. To memory unit 806 is also connected the output
terminal of address selector 18 of network 311, so that
the jth address position is located at the same time in
both memory 504 and memory 806, thereby obtaining
correspondence in address position between the Arl, Ag;!
signals, and the r;, 6; signals having the same time sig-
nal, #;.

When the last signals r,, 6,, f, are read out of mem-
ory 504, the associated last word pulse w is passed
through delay element 524 to become an end-of-subtrac-
tion signal, wi. Delay element 524 delays the « pulse
to allow for the completion of the subtraction operation
by subtractors 801a and 8015, and the w; pulse is then ap-
plied to the reset terminal of flip-flop 8 in circuit 1 of
network 311 to stop the reading of signals out of mem-
ory 304, and the writing of signals in memory 896. The
w; pulse is also applied to register 804 in network 308 to
become a last word pulse w associated with the signals
Arpl, A6yl in memory unit 806. Since the regeneration
and subtraction operations may be repeated a number of
times, in the trend removal process, the end of subtrac-

tion pulse may appear a number of times, one for each
cycle of the trend removal process.

In the next part of the trend removal process, the
Arsl, Ag;! signals are smoothed and averaged in smooth-
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ing network 304 followed by averager 307 to obtain four
signals representative of the four increments, Argy, Afe1s
Ar., Ab.;. These four increment signals are then ap-
plied to a comparator 814, which may be of a construc-
tion similar fo that of comparators 401a through 401c
in FIG. 4B. Comparator 814 compares each of the four
increment signals against a preassigned standard, and de-
pending upon the outcome of this comparison, one or the
other of two signals, denoted e and R, is produced by
comparator 814. If one or more of the increment sig-
nals is larger than the preassigned standard, a repeat sig-
nal, denofed R, is produced to start the second trend re-
moval cycle. If all of the increment signals are smaller
than the preassigned standard, then an end of trend re-
moval signal, denoted e, is produced to permit the first
estimate signals, which are by definition the best estimate
signals, to be passed to refined estimate generator 309,
or alternatively, directly to a utilization device 310.

Smoothing and averaging of the Aryl, Ag;! signals is
achieved by using the end of subtraction signal, w;, to
initiate the operation of circuit 3 in master control net-
work 311. The w; signal resets high counter 22 to a count
of zero, sets low counter 27 to a count of one, and sets
flip-flop 38 to the “1” state to start the transfer of pairs
of signals from memory 806 in network 308 to smoothing
network 304. In the “1” state flip-flop 38 also enables
gates 817a through 8174 in trend removal network 308
and gates 701a through 7014 in averager 307.

When the last signals Arpl, Ad,! are read out of memory
8066 to smoothing network 304, the associated last word
signal « is passed through delay element 816 to become
an “end of smoothing” signal, denoted wg,. This end of
smoothing signal is delivered to the reset terminal of
flip-flop 38 in circuit 3 of network 311 to stop the reading
of memory 806, and to gates 766a through 7064 and gate
710 1n averager 307 to complete the averaging operation.
In averager 307, the wg, signal, after passage through de-
lay element 718c to become wg,’, enables gates 715a
through 715d to pass the four increment signals developed
by dividers 714a through 7144 to register 811 and com-
parator 814 in trend removal network 308.

In trend removal network 308, the output terminals
of register 811, corresponding to the four increment sig-
nals, are connected in parallel to gates 812a through 8124,
which are enabled by the repeat trend removal signal,
R, from comparator 814. The output terminals of reg-
ister 807, corresponding to the four first estimate signals
previously stored, are connected to two sets of gates, 8084
through 8084 and 809a through 8094, where gates 8038a
through 8084 are enabled by an end of trend removal Sig-

nal, e, from comparator 814, and gates 8094 through 8094
are enabled by an R signal.

In the event that the set of first estimate signals is
not sufficiently accurate, as determined by comparator
314 from the set of first increment signals, an R signal
1s generated by comparator 814 to enable gates 809
through 8094 and gates 812q through 8124. The output
terminals of these two sets of gates are connected to the
input terminals of adders 810a through 8104, which de-
velop at their output terminals a set of second estimate

signals, 7o, Oc2; Teo, ez, I accerdance with Equations 20k
through 20n in Part I above. On the other hand, if the

ﬁrs_t estimz_ite signals are sufficiently accurate to be best
estimate signals, comparator 814 produces an e signal
which enables gates 808a through 8084 to pass the four

first estimate signals from register 807 to refined estimate
generator 309 as the best estimate signals, r,, Ocy 7oy B

If the trend removal process is to be repeated, the
second estimate signals from adders 810« through 8104
are stored in register 807 in place of the first estimate
signals, and are also applied through OR gates 813q
through 813d to position vector regenerator 800 for the
regeneration of a second pair of sequences of regenerated
component signals, denoted {r}2, {#}2. The R signal from
comparator 814 is utilized to initiate the second trend re-
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moval cycle by applying it to the set terminal of flip-flop
8 in network 311, which starts a second reading of r, 8, ¢
signals from memory 504 to regenerator 80¢, subtractors
801a and 8015, and register 804, as in the first trend re-
moval cycle. And, exactly as in the first trend removal
cycle, the last word signal « from memory 504 is passed
through delay element 524 to become an end of subtrac-
tion signal, which is delivered to the reset terminal of flip-
flop 8 to end the second reading of memory 504, and
simultaneously to flip-flop 38, counter 22, and counter 27,
all in network 311, to start the smoothing of Ar;?, A8;? sig-
nals recorded in memory 8886.

The operations performed by trend removal network
308 are repeated for as many cycles as are necessary to
obtain a set of signals in register 8§47 of sufficient accuracy
to be utilized as best estimates of the four orbital param-
eters, r, 8, 7, 8, as indicated by the increment signals stored
in register 811. As mentioned previously, the best esti-
mate signals may be employed directly in a suitable utiliza-
tion system 310, but if greater accuracy is desired, they
may be transmitted to refined estimate generator 309, to
be combined with best estimate signals from another pass
in the manner described below.

FI1GS. 9A AND 9B

The detailed structure of refined estimate generator 309
is illustrated principally in FIGS. 9A and 9B with details
of the two components labeled variance-covariance gen-
erator 901 and combining network 907 being shown
separately in FIGS. 10A and 10B, and FIG. 11, respec-
tively. Turning first to FIG. 9A, it is recalled from Part 1
above that in order to combine two sets of best estimates
from different passes, it is necessary to have the six sam-
ple-mean variances and fifteen sample-mean convariances
associated with each set of estimates. The present inven-
tion obtains signals representative of estimates of these
variances and covariances from certain signals generated
during the derivation of the six best estimate signals from
the radar signals for a given pass. Specifically, the signals
from which the variance and covariance signals are ob-
tained comprise the two sequences of orbital orientation
angle signals {Q} and {I}, from angle solver 305, and four

sequences of so-called smoothed difference signals, {Ar}E,

{AaYE, {Ar}k, {Ad}K, from smoothing network 304.

The two sequences of orbital orientation angle signals
from angle solver 305 are stored in register 90 a pair at
a time as they are produced, and then written into
memory unit 980. The proper address position for each
of the m pairs of angle signals is located in memory 900
by address selector 908, to whose input terminal is de-
livered a count signal from counter 27 in circuit 2 of
network 311 through gate 912 and OR gate 923. Counter
27 1s advanced from a count of one to a count of m as
as each of the m pairs of x, y, z signals is transferred
from storage network 303 to smoothing network 304,
and since the jth pair of angle signals, Q;, Ij, is obtained
after smoothing the jth pair of x, y, z signals, address
selector 908 locates the jth address position of memory
200 in response to the count of § from counter 27. Each
pair of angle signals in register 90 is passed to the ap-
- propriate address position of memory 900 by a 7, tim-
ing pulse from network 311 which enables gates 91e
and 91f and the write terminal of memory 900. To en-
sure that the count of counter 27 and the 5 timing pulses
are applied to the proper time, gate 912 is enabled to
pass the count by flip-flop 36 connected through OR
gate 922, and the 7, timing pulses are passed through
gate 924, which i1s also enabled by flip-flop 36 con-
nected throungh OR gate 922,

At the end of the angle solving operation and the
subsequent recording in memory 900 of the m pairs of
angle signals, flip-flop 36 is reset to the “0” state and no
further signals are recorded in memory 900 until flip-
flop 38 is set to the “1” state at the beginning of the
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trend removal operation, thereby again enabling gates
912 and 924. It is recalled from the prior description
of trend removal network 308 that the jth sequences of
difference signals, {Ar}i, {A0}J, recorded in memory 806
of network 308 in the jth trend removal cycle, are trans-
ferred in pairs to smoothing network 304 in exactly the
same fashion that the x, y, z signals are transferred to
network 304. From smoothing network 304, each of
the four sequences of smoothed difference signals, de-

noted {Ar}, {Ao}, {Ar}S, {A0}), which are derived from
the two jth sequences of difference signals, are passed to
register 90 of refined estimate generator 309 through
gates 615 through 6154, which are enabled by flip-flop
38. At refined estimate generator 309, the proper ad-
dress positions in memory 900 are located by address
selector 808 in response to the successive count signals,
1,2, ... ,m, from counter 27, and the 7, timing pulses
enable gates 91a through 91d as well as the write ter-
minal of memory 900. In addition, the end of smooth-
ing signal, wg,, from delay 816 in trend removal net-
work 308, is applied to register 90 together with the last

set of four smoothed difference signals, E;ml‘, Eﬁ-mi, Eij,

Ad.J, and is passed through gate 91g to memory 900
to indicate the last or mth set of signals stored in memory
900.

In general, it is necessary to perform k cycles of trend
removal in order to obtain a set of best estimate signals,
and, correspondingly, it is the kth set of sequences of
smoothed difference signals, which represents the devia-
tions of the four best estimate signals, 7., 6., 7, 8¢ from
which variance and covariance signals may be derived.
Accordingly, each time that flip-flop 38 is set to the “1”
state at the beginning of a trend removal cycle, the four
sequences of smoothed difference signals produced by
smoothing network 304 in that cycle are sent to refined
estimate generator 309, where they are recorded in
memory 200 in place of the four sequences of smoothed
difference signals recorded during the previous trend re-
moval cycle. At the end of the kth or last trend removal

cycle, the four recorded sequences {Ar}k, {A6}k, {Ar}k,

{A6}, represent the deviations of the four best estin
signals, ¥., 6n, 7, 0o

In addition to the signals stored in memory 900, the
siX best estimate signals, r;, 6., 76, B¢, Qe Lo, tOogether with
the reference time signal, 7., for a given pass are stored,
for example, 1n a register, in refined estimate generator
309, as they are produced. As shown in FIG. 9B, there
are two registers, 904 and 905, for storing these seven
signals, register 904 being used to store the seven signals
obtained from the radar signals for one pass, and register
905 being used to store the seven signals obtained from
the radar signals for another pass. To route the seven
signals from each pass to the proper register, gates 917q
through 917¢ are enabled by an appropriate signal dur-
ing the derivation of one set of seven signals for one
pass, and gates 918a through 918g are enabled by an
appropriate signal during the derivation of a second
set of seven signals for another pass. These enabling
signals are obtained from the apparatus of FIG. 4A,
as indicated by operation of the appropriate switches.

At the end of the kth or last trend removal cycle after
the end of the first pass, for example, the four best esti-
mate signals r,, 6., 7 0 are passed from register 807
through gates 808z through 8084 in trend removal net-
work 308 to register 904 in refined estimate generator
309, where they join the previously stored best estimate
signals @, and I,, and the reference time signal 7,. The
end of trend removal signal e, which enables gates 808a
through 808d in network 308, also sets flip-flop 909 in
generator 309 to the “1” state, as shown in FIG. 9A. The
“1” output terminal of flip-flop 909 is connected to the
read terminal of memory 960, to the control terminal of

gate 911, and to the control terminals of gates 913a

ate
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through 913¢. By this arrangement, §, clock pulses from
clock pulse generator 910 are passed to binary counter
927 to advance it from a count of zero to a count of m
until the one-bit signal, denoted w,, associated with the
mth or last set of signals in memory 900 passes through
gate 913g to reset flip-flop 209 to the “0” state and binary
counter 927 to the count of zero. The output terminal
of binary counter 927 is connected through OR gate 923
to the input terminal of address selector 268, so that as
counter 927 is advanced by successive §; clock pulses,
address selector 868 successively locates the correspond-
ing address positions in memory 960, and the signals re-

corded in each address position are read out through gates
9134 through 913g. R

Although the four smoothed difference signals, AF;,

Af;, Ay, Abs, recorded in each of the m address positions
of memory 900 are representative of deviations of the
four corresponding best estimates, it 1s necessary to sub-
fract the best estimate signals Q., I, from the fwo angle
signals Q;, I, in each of the m address positions of memory
900 in order to form signals corresponding to deviations
of Q. and I.. This is accomplished by connecting the
output terminals of gates 913¢ and 913f to the minuend
terminals of subtractors 9154 and 91550, respectively, and
by connecting the Q. and I, output ferminals of register
906 to the subtrahend terminals subtractors 915 and
9155, respectively. The oufput terminals of gates 913a
through 9134 are connected to delay elements 914a
through 914d, respectively, in order to delay the four devi-

ation signals Ary, Ag;, A¥;, Af;, from each address position
for a sufficient time while the subtracfion operation is
being performed on each pair of Q;, I; signals. Each pair
~ of deviation signals (@;—Q.), (Ij—1.), developed by sub-
tractors 915q and 915b is transmitted together with the

| e D . B N e

four deviation signals Ar;, A8;, A7, A6; to variance-covari-
ance generator 901, where signals indicative of estimates
of the six sample-mean variances and fifteen sample-mean
covariances are developed from the applied deviation sig-
nals. |

Register 966 also receives the incoming @, and I. sig-
nals from each pass, and the two output terminals of reg-
ister 906 are connected directly to subtractors 9154 and
9155b in order to supply continuously the stored Q, and I,
signals at the subtrahend terminals of the subtractors.
This arrangement also provides for forming the devia-
tion signals (92;—Q.), (I;—1.), for each pass, because
when the Q,, I, signals for a given pass are received by
register 906 they replace any Q,, I, signals which may have
~ been stored from a previous pass.

In addition to the six sequences of deviation signals,
variance-covariance generator 201 has previously received
the mr, and the (m—1)r; timing pulses during the
smoothing of the x, y, z signals. These two trains of
timing pulses are applied to generator 991 through gates
9164 and 9165, which are enabled during the smoothing
of the x, y, z signals by flip-flop 36.

FIGS. 10A and 10B

Referring now to the detailed structure of the variance-
covariance generator shown in FIGS. 10A and 10B, each
set of incoming deviation signals, for example, the jth
set comprising the six signals E?‘j, _A"@j, E‘j, ZEJ—, (25—Q),
(I;—1,) is applied to an array of 21 multipliers arranged in
six rows and six columns. The first row comprises six mul-
tipliers 9174 through 917f, the second row comprises five
multipliers 9185 through 918f, the third row comprises
four multipliers 919¢ through 9194, the fourth row com-
prises three multipliers 9204 through 920f, the fifth row
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comprises two multipliers 921¢ and 921f, and the sixth

row comprises a single multipler 922f. Each of the in-
coming deviation signals is applied to all of the multi-

pliers in a preassigned row, and all except the first devia-
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tion signal, Ej, are also applied to all of the multipliers
in a selected column.

It is recalled from Equation 23f in Part I that an esti-
mate of the sample-mean variance associated with a best
estimate is formed by squaring all of the m deviations,
adding the m squared deviations, and dividing the sum of
the m squared deviations by the factor m(m—1). In
the apparatus of FIGS. 10A and 10B signals indicative
of each of the squared deviations of each best estimate
are formed by applying the incoming deviation signal for
each row to both input terminals of multipliers in the

sixth or last column, 917/ through 922f. Thus the E:;
deviation signal is applied to both input terminals of
multiplier 917f, which develops a product signal signify-

ing the squared deviation, (Ar;)2. To form the sum of
the squared deviations, the output terminal of each multi-
plier 917f through 922f is connected to an accumulator
923f through 928f, respectively. The accumulators,
which may be of a construction similar to those shown
in averager 307, serve to add together all of the signals
applied to their input terminals, so that on receiving the
mth or last squared deviation signal from multipliers
917f through 922f, accumulators 923q through 9284 de-

velop at their output terminals signals proportional to
the six suimns,

g (ar;)?, i (a0;)*

j=1
m . mi m m
Z(&TJ) ) L(ﬁéi)zj Z(Qimgc)z: and Z(Ii_Ic)z
) =1 1=1 1=1 j=1
respectively,

It is further recalled from Equation 23 that an esti-
mate of the sample-mean covariance associated with two
best estimates is formed by multiplying together the m
deviations of each quantity, adding the m resulting prod-
ucts, and dividing the sum of the m products by the
factor m(m~—1). In the apparatus of FIGS. 10A and
10B, the fifteen possible combinations of product signals
assoclated with each set of six deviation signals, taken
two at a time, are developed by the fifteen multipliers
917a through 917¢, 91856 through 918e¢, 919¢ through
81%e, 920d and 920¢, and 921¢, in the first five columns
of the array. Each incoming deviation signal is applied
to one input terminal of all the multipliers in one of the
six rows, and all but one of the deviation signals are
applied to one input terminal of all the multipliers in one
of the five columns, so that each deviation signal is ap-
plied to one input terminal of a total of five different
multipliers, in addition to the last column of multipliers,
in which each deviation signal is delivered to both input
terminals of a single multiplier. Since there are six de-
viation signals, this requires fifteen multipliers each hav-
ing two input terminals, as shown in FIGS. 10A and 10B.

As an example, consider the deviation signal A7 in the

jth set of six incoming deviation signals. E;; is applied
to one input terminal of the three multipliers 919¢ through

919¢ in the third row, in addition to both input terminals

of multiplier 919/, and to one input terminal of the two
multipliers 9175 and 9185 in the second column, thereby

making a total of five multipliers having Eﬂ applied to
one input terminal.

To form the sum of the succession of m product sig-
nals developed by each multiplier, the output terminal of
each multiplier is connected to the input terminal of an
accumulator., Thus the output terminals of multipliers
917a through 917¢, 9185 through 918e, 919¢ through
919¢ 1n the third row, in addition to both input terminals
terminals of accumulators 923a through 923e, 9245)
through 924e, 925¢ through 925¢, 926d and 926¢, and
927, respectively. On receiving the mth product signal
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from each multiplier, the output signals developed by
these fifteen accumulators indicate the fifteen sums

il(z;l)(-ﬂ—gi) i;(mj)(ﬁ?j) PR ,i}(ﬂj——ﬂﬂ)(fr—fu)
j= ]= ]J=

When the mth set of deviation signals is passed to
variance-covariance generator 901, the w«, signal associ-
ated with this Jast set is also passed to generator 901,
where after passing through delay 935, it is used to en-
able gates 9294 through 9294, thereby permitting the sum
signals of the twenty-one accumulators to be applied to
the dividend terminals of dividers 930a through 930:..
The m(m—1) divisor signal by which each of the twenty-
one sum Ssignals must be divided in order to form esti-
mates of the sample-mean variance and sample-mean co-
variance signals is obtained from binary counters 931 and
932. Counter 931 is supplied with =, timing pulses passed
by gate 916a during the smoothing of the x, y, z signals,
and counter 932 is supplied with =, timing pulses passed
by gate 9165. Since there are (m—1)r; timing pulses
and mr, timing pulses generated during the smoothing
operation, counter 931 is advanced to a count of (m—1)
and counter 932 is advanced to a count of m by the time
that the w», pulse enables gates 9334 and 9335 and thus
passes the (;71—1) and m count signals to multiplier 934,
where the product m-(m—1) is formed. This product
signal is passed through gate 929v to all of the divisor
terminals of dividers 930a through 930x, and the quotient
signals developed by the dividers constitute the estimated
sample-mean variance and covariance signals associated
with the best estimate signals for a given pass.

Referring back to FIG. 9A, the variance and covari-
ance signals from generator 901 are stored in either reg-
ister 902 or register 903, depending upon the pass to
which the signals correspond. If the signals correspond
to pass number one, then gates 919-1 through 919-21
are enabled by the end pass number one signal to direct
the variance and covariance signals to storage in register
902, whereas for pass number two, gates 920-1 through
920-21 are enabled by the pass number two signal to di-
rect the variance and covariance signals to register 903.

Upon obtaining the best estimate, variance and covari-
ance signals for two passes, together with two refer-
ence time signals, making a total of fifty-six signals in all,
these signals are passed from registers 992, 903, 984, and
995 through gates 921-1 through 921-56 to combining
network $07, the gates being simultaneously enabled by
a suifable “combining” signal from the apparatus of FIG.
4A. In accordance with the matrix notation employed
in Part I above, the set of best estimate signals from pass

number one is denoted [q];, from pass number two,
[qls, while the set of variance and covariance signals
from pass number one is denoted [C],. and from pass

number two, [Cl,. Similarly, the set of refined estimate
signals and the set of associated variance and covariance

signals derived from the two sets of incoming signals by

combining network 907 are denoted [E] and [E], re-
spectively. |
FIG. 11

With reference to FIG. 11, the structure of combining
network 907 is shown in outline form by means of blocks
that indicate the various operations to be performed upon
the incoming sets of best estimate, variance and covari-
ance, and reference time signals. Since the exact nature
of the various operations is prescribed by the equations
set forth in Part I above, the specific components of each
of these blocks may be readily determined by persons
skilled in the art from these equations and from a refer-
ence to the prior art given below. Specifically, the blocks
in FIG. 11 labeled predictor 110, Jacobian equation solver
111, matrix inverters 112, 113, 114, 119 and 122, and
matrix multipliers 115, 117, 118, 120 and 124, may each

be realized by any one of a variety of well-known com-
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puting devices. For example, each of these blocks may
be realized by a separate general purpose digital com-
puter programmed to process the incoming signals applied
to 1t according to the description given below, a suitable
computer being an IBM 1620 computer.

The [q]; or earlier set of best estimate signals and the
two reference time signals are applied to predictor 110,
which may be a general purpose digital computer of well-
known construction as described above. Predictor 110
is adapted in accordance with a set of prediction equa-
tions of the form shown in Equations 24a through 24f
to produce from the incoming signals a set of predicted

estimate signals, denoted [E]]g, at the later reference time
to. The predicted estimate signals are sent to Jacobian
equation solver 111, together with the first set of best

estimate signals [¢]; and and the two reference time sig-
nals, z;and #,, in order to obtain a group of signals rep-
resentative of the elements of the Jacobian matrix defined
by Equation 32a. Jacobian equation solver 111 may also
be a general purpose digital computer of any well-known
variety such as the IBM 1620, programmed according to

- either Equations J~1 through J-33 or Equations K-1
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through K-20, depending upon whether the satellite’s
orbit is circular or noncircular.

The group of signals produced by Jacobian equation |
solver 111, denoted in matrix form [J ], is delivered in
paralle] to matrix inverters 112 and 113, each of which
may be an IBM 1620 computer programmed to obtain
from the signals produced by Jacobian equation solver
111 two new groups of signals, one representative of
[J1171 and the other representative of [J 171, The design
or programming of these inverters may be based upon
any of the well-known methods for obtaining the in-
verse of a matrix; for example, see the iterative method
described by G. N. Lance, Numerical Methods for High
Speed Computers (1960, page 94, and the program given
at pages 43-55 of the previously mentioned text, Mathe-
matical Methods for Digital Computers. However, in-
verter 112 is designed to produce a group of signals rep-
resenting the inverse of the transposed Jacobian, de-
noted [J']71, whereas inverter 113 is designed to produce
a group of signals representing the inverse of the J acobian,
denoted [J]-1, as required by Equation 32c.

From inverters 112 and 113, the two groups of sig-
nals, [J']171 and [J17%, are passed to matrix multiplier
115 and delay element 116, respectively. In matrix multi-
plier 115, which may be an IBM 1620 computer, the
[J']-1 signals are combined in matrix multiplication fash-
lon, as specified in Equation 32¢, with the signals repre-
senting the inverse of the variance-covariance matrix
associated with the first set of best estimates and denoted
[Cl;L. The [CT1;7! signals were obtained by passing the
first set of variance and covariance signals through delay
element 127 to ‘matrix inverter 114, which may also be
an IBM 1620 computer programmed in a manner similar
to the programming of matrix inverter 113 fo obtain a
set of signals representative of the inverse variance-

covariance matrix [C];! from the signals representative

of [Cl;. The output signals of matrix multiplier 115
are combined in multiplier 117, for example, an IBM
1620 computer, with the delayed inverse Jacobian Sig-
nals [C]™? in matrix multiplication fashion to form a
group of signals indicative of the estimated sample-mean
variances and covariances associated with the predicted
estimate signals at reference time £,. This group of out-
put signals from multiplier 117, which may be denoted

[C127Y, 1s combined with the predicted estimate signals,

[c}] 2, In multiplier 118, which may be an IBM 1620 com-

puter programmed in the manner specified by Equation
505b.

In addition, the [6]2"1 signals are added in adder 121
to the signals representing the inverse of the matrix of

75 estimated sample-mean variance and covariance signals,
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[C1,71, associated with the best estimate signals at the
later reference time #,. These [C],! signals are obtained
by applying the incoming [C], signals through delay ele-
ment 125 to matrix inverter 119, which may be an IBM
1620 computer that is programmed in a fashion similar to

inverters 113 and 114. The sum of the two groups of in-
verted matrix signals from adder 121 is then applied to
matrix inverter 122, which may also be an IBM 1620 com-
puter programmed 1in the same manner as inverters 112,
113, 114, and 119, in order to derive a set of signals rep-
resenting the estimated sample-mean variances and covari-

ances, denoted [C], which are associated with the set
of refined estimate signals, [g]. From inverter 122,

the [C] signals are delivered to multiplier 124, which
may be an IBM 1620 computer, where they are used to
develop the refined estimate signals, and to wutilization
device 310, which may include an antenna pointing system
of the type previously referred to in the detailed descrip-
tion of FIG. 3 and more fully described in the previ-
ously mentioned article by Klahn, Norton and Githens,
where they may be used in combining the refined esti-
mate signals with another set of estimate signals.
Returning to multiplier 118, the other group of input

signals, in addition to the [6]2‘1 signals, is the set of

predicted estimate signals, [c}]g, from predictor 110. The
product signals from multiplier 118 are passed to adder

123, where they are added to the product signals [C]s
[q1s from multiplier 120, where multiplier 120 may be

any one of a number of digital computers such as the
IBM 1620. The input signals to multiplier 126 are the
second set of best estimate signals [q],, which have been
delayed by passage through delay element 126, and the
group of inverted matrix signals {C],! from inverter
119. The sum of the two groups of product signals de-
veloped by adder 123 is transmitted to multiplier 124,
which is a digital computer programmed to produce from
the sum of the product signals from adder 123 and the

[C] signals from inverter 122 a set of so-called refined

estimate signals, [gq]. The refined estimate signals are
passed to ufilization device 310, where together with the
reference time signal 7, and the variance and covariance
signals, they may be suitably employed, for example, in
the generation of antenna orientation orders for track-
ing a communications satellite. |
that the above-described arrangements are illustrative of
the applications of the principles of this invention. Nu-
merous other arrangements may be devised by those
skilled in the art without departing from the spirit and
scope of the invention.

What is claimed is:.

1. A system for rapidly determining from a large num-
ber of measurements at different observation times the
orbital parameters of a terrestrial satellite at a single pre-
determined reference time which comprises

a source of a first chronological sequence of signals in-

dicative of the observed positions of a terrestrial
satellite at different instants of time during a pass

relative to a predetermined point on the surface of

the earth,

means for determining from said ﬁrst sequence of ob-

served position signals a pair of signals indicative of
the orbital orientation angles of said satellite at a

single predetermined reference time during said pass,

means supplied with said first sequence of observed
position signals and said pair of orbital orientation
angle signals for obtaining a second chronological
sequence of observed position signals indicative of
said observed positions of said satellite relative to
an inertial coordinate system at the center of the
earth,

means responsive to said second sequence of observed
position signals for obtaining a group of signals which

It is to be understood

5

10

15

20

25

30

30

4()

45

o0

535

60

65

70

75

54
approximate the position and velocity of said satel-
lite at said reference time, and

means actuated by said second sequence of observed

position signals and said group of position and veloc-
ity signals for reducing the magnitude of errors in
said group of position and velocity signals.

2. A system for rapidly determining from a large num-
ber of position measurements at different observation
times the orbital parameters of a terrestrial satellite at
a single predetermined reference time which comprises

a source of a first plurality of chronological sequences

of signals indicative of the observed positions of
a terrestrial satellite at various instants of time dur-
ing a first pass and a second plurality of chrono-
logical sequences of signals indicative of the ob-
served positions of said satellite at various instants
of time during a second pass,

means supplied with said first and second pluralities

of sequences of observed position signals for obtain-
ing first and second sets of orbital parameter signals
closely approximating the orbital parameters of said
satellite at first and second reference times during
said first and second passes, respectively,

means responsive to said first and second pluralities

of sequences of observed position signals and said
first and second sets of orbital parameter signals for
deriving first and second groups of variance and
covariance signals respectively representing estimates
of the sample-mean variances and sample-mean
‘covariances associated with said first and second
sets of orbital parameter signals, respectively, and
means for combining said first and second sets of orbital
parameter signals and said first and second groups
of varilance and covariance signals to obtain a third
set of orbifal parameter signals and a third group
of variance and covariance signals at said second
reference time.

3. A system for determining the orbital parameters
of a terrestrial satellite which comprises
tracking means for generating a plurality of continuous
input signals during a pass of a terrestrial satellite,
sampling and Icodmg means responsive to said input
signals for generating a first plurality of chronologi-
cal sequences of signals indicative of the observed ,
positions of said satellite at a corresponding chrono-
logical sequence of times of observation, said ob-
served p031t10ns being referred to a coordinate system
whose origin is at said tracking means,
first computing means supplied with said ﬁrst plurality
of observed position signals for generating a second
plurality of chronological sequences of signals in-
- dicative of the observed positions of said satellite
referred to an inertial, rectangular coordinate sys-
stem whose origin is at the center of the earth,
first storage means for recording said second plurahty
of observed position signals generated by said first
computing means,
first control means for causing selected pairs of said

second plurality of observed position signals to be

transmitted from said first storage means to a first
smoothing means,

said first smoothing means operating to generate from
said selected pairs of observed position signals a
first plurality of sequences of signals representing

smoothed positions and smoothed velocities of said
satellite during said pass,

second computing means supplied with said first plu—
rality of smoothed position and smoothed velocity
signals for obtaining two sequences of angle signals
indicative of the nodal longitude and angle of in-
clination, respectively, of said satellite during said
pass,

Ist averaging means responsive to said two sequences
of angle signals for deriving from each of said se-
quences a single angle signal representing, respec-

™
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tively, an estimate of the nodal longitude and an
estimate of the angle of inclination of said satellite
at a single reference time during said pass,
second control means for causing said second plurality
of observed position signals to be transmitted in
chronological order from said first storage means
to a third computing means,
said third computing means being responsive to said
angle estimate signals and said second plurality of
observed position signals for generating a third plu-
rality of chronological sequences of signals indicative
of the observed positions of said satellite referred to
an inertial, polar coordinate system which lies in
the orbital plane of said satellite and whose origin
1s at the center of the earth,
second storage means for recording said third plurality
of observed positions generated by said third com-
puting means,
third control means for causing selected pairs of said
third plurality of observed position signals to be
transmitted from said second storage means t0 a
second smoothing means,
said second smoothing means operating to produce
from said selected pairs of said third plurality of
observed position signals a second plurality of se-
quences of signals representing smoothed positions
and smoothed velocities of said satellite during said
pass,
second averaging means actuated by said second plu-
rality of smoothed position and smoothed velocity
signals to obtain a first group of signals representing
estimates of the position and velocity of said satel-
lite at said reference time during said pass, and
fourth control means for causing said third plurality
of observed position signals to be transmitied in
chronological order from said second storage means
to a trend removal means,
wherein said trend removal means operates upon said
first group of position and velocity estimate signals
and said chronological sequence of third plurality of
observed position signals to reduce the dynamic er-
rors in each of said position and velocity estimate
signals, said trend removal means comprising
means for obtaining from said first group of position
and velocity estimate signals a first plurality of se-
quences of regenerated position signals referred to
said inertial, polar coordinate system,
means for subtracting said first plurality of regenerated
position signals from said third plurality of observed
position signals to derive a sequence of diiference
signals,
smoothing and averaging means supplied with said
sequence of difference signals for obtaining a group
of increment signals indicative of the errors in said
position and velocity estimate signals,
means for comparing said group of increment signals
with a corresponding group of preassigned small
quantities,
means for utilizing said first group of position and
velocity estimate signals to represent the true values
of the position and velocity of said satellite at said
reference time when each of said increment signals
is smaller than its corresponding preassigned small
quantity,
means for adding each of said increment signals to the
corresponding one of said first group of position
and velocity estimate signals to obtain a second
group of position and velocity estimate signals when
one or more of said increment signals is larger than
its corresponding preassigned small quantity, and
means for substituting said second group of position
and velocity estimate signals for said first group of
position and velocity estimate signals as input sig-
nals for said trend removal means.
4. Apparatus as defined in claim 3 wherein said first
control means comprises
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a first counting means responsive to the last of said
second plurality of observed position signals for reg-
istering the count of one upon completion of the
recording of said second plurality of observed posi-
tion signals in said first storage means,

a second counting means responsive to the last of said
second plurality of observed position signals for
registering the count of m--1 wupon completion of
the recording of said second plurality of observed
position signals in said first storage means when the
number, 1, of observed position signals in said sec-
ond plurality is equal to an even number 2m, and
registering the count of m--2 upon the completion
of the recording of said second plurality of observed
position signals when the number, n, of observed
position signals in said second plurality is equal to
an odd number, 2m--1,

means responsive to the last of said second plurality
of observed position signals recorded in said first
storage means for alternately advancing said first and
second counting means in steps of one, and

means connected to said first and second counting
means for utilizing each pair of successive counts
in said first and second counting means to select
a corresponding pair of observed position signals
recorded in said first storage means.

5. Apparatus for determining the position and velocity

of a terrestrial satellite which comprises

a first input means for supplying a plurality of signal
trains each of which has an equal number of com-
ponents which represent observed positions of a ter-
restrial satellite at a chronological sequence of times
of observation during a pass, and a single signal
train whose components represent said chronological
sequence of times of observation,

a second input means for deriving from said observed
position signal trains and said time of observation
signal train a group of signals representing estimates
of the position and velocity of said satellite at a
reference time during said pass, and

trend removal means coacting with said first and sec-
ond input means for iteratively reducing the error
in said group of estimate signals, said trend removal
means including, in combination,

means responsive to said group of estimate signals and
said train of time of observation signals for obtaining
a plurality of signal trains whose components repre-
sent regenerated positions of said satellite at said
times of observation during said pass,

means for subtracting the components of said regen-
erated position signal train from the corresponding
components of said observed position signal train
fo form a plurality of trains of difference signals,

storage means actuated by a control means for re-
cording said pluralities of trains of difference sig-
nals and said single train of corresponding time of
observation signals, wherein said control means re-
sponds to the last of said difference signals recorded
in said storage means to cause a succession of plural-
ities of selected pairs of said difference signals, one
pair from each said trains of difference signals, and
a corresponding succession of selected pairs of said

- time of observation signals to be transmitted to a

smoothing means followed by an averaging means,

said smoothing means operating to derive from said
succession of pluralities of selected pairs of difference
signals and said succession of corresponding pairs
of time of observation signals @a plurality of trains
of smoothed difference signals, each of which trains
contains an equal number of components, and

said averaging means operating to derive from said
plurality of trains of smoothed difference signals a
plurality of increment signals representing the er-
rors In said group of estimate signals,
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means for comparing said plurality of increment sig-
nals with a corresponding plurality of predetermined
small quantities,
means for utilizing said group of estimate signals as
close approximations of the position and velocity of
said satellite at said reference time when each of
sald increment signals is smaller than its correspond-
ing predetermined small quantity, and
means for adding each of said increment signals to
its corresponding estimate signal to develop a group
of . corrected estimate signals when one or more of
sald increment signals is larger than its correspond-
1ng predetermined small quantity, said group of cor-
rected estimate signals being substituted for said
group of estimate signals as input signals for said
trend removal means.
6. Apparatus as defined in claim 5 wherein said smooth-

Ing means comprises

a plurality of adding means, one for each pair of dif-
ference signals in each of said pluralities of selected
pairs of difference signals,

a plurality of subtracting means, one for each pair of
difference signals in each of said pluralities of se-
lected pairs of difference signals and one for said
corresponding pair of time of observation signals,

means for simultaneously applying each of said pairs
of difference signals to one of said adding means
and to one of said subtracting means to develop,
respectively, a sum signal from each of said pairs
of difference signals and a remainder signal from
each of said pairs of difference signals,

a first plurality of dividing means connected to the
output terminals of said plurality of adding means
for dividing each of said sum signals by a factor of
two to form a first plurality of quotient signals,

means for applying said pair of time of observation
signals to one of said subtracting means to develop
a time difference signal, and

a second plurality of dividing means, to each of whose
dividend terminals is applied one of said remainder
signals and to each of whose divisor terminals is
applied said time difference signal, for dividing each
of said remainder signals by said time difference
signal to form a second plurality of quotient sig-
nals,

wherein the succession of said first and second plurali-
ties of quotient signals developed from said suc-
cession of pluralities of selected pairs of difference
signals and said succession of corresponding pairs
of time of observation signals comprises said plural-
ity of trains of smoothed difference signals.

7. Apparatus as defined in claim 5 wherein said averag-

ing means cCOMpPTISES

a plurality of cumulative adding means, one for each
of said trains of smoothed difference signals, for
developing from the components of each train of
smoothed difference signals a sum signal representa-
tive of the total sum of all of the components in
each of said trains,

a plurality of dividing means, one for each of said
cumulative adding means, wherein each of said divid-
mg means has a dividend terminal, a divisor ter-

minal, and a quotient terminal,

counting means responsive to said control means for
registering the number of components in each of said
trains of smoothed difference signals, and

means responsive to the last components of said trains
of difference signals for connecting each of said
plurality of cumulative adding means to the dividend

terminal of said corresponding dividing means and
said counting means in parallel to the divisor ter-
minals of all of said dividing means,

whereby the signals developed at the quotient terminals
of said dividing means comprise said plurality of
increment signals. |
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8. Apparatus for combining two sets of estimates of
the orbital parameters of a terrestrial satellite to derive
a third set of estimates which is more accurate than
either of the two sets of estimates from which it is derived,
which comprises |

a first input means for supplying a first set of signals
representing estimates of the elements of a first
matrix of orbital parameters of a terrestrial satellite
at a first reference time,

a second input means for supplying a second set of
signals representing estimates of the elements of a
second matrix of orbital parameters of said satellite
at a second reference time,

a third input means for supplying first and second
groups of variance-covariance signals representing
estimates of the elements of the sample-mean
variance-covariance matrices associated, respec-
tively, with said first and second sets of orbital par-
ameter signals,

means coacting with said first and second input means
for adjusting said first set of orbital parameter sig-
nals to the reference time of said second set of or-
bital parameter signals,

means responsive to said adjusted first set of orbital
parameter signals, said second set of orbital parameter
signals, and said first group of variance-covariance
signals for adjusting said first group of variance-
covariance signals to said second reference time,

means supplied with said adjusted first group of vari-
ance-covariance signals for obtaining a first group of
signals representing estimates of the elements of the
inverse sample-mean variance-covariance matrix
associated with said adjusted first set of orbital par-
ameter signals, |

means supplied with said second group of variance-
covariance signals for obtaining a second group of
signals representing estimates of the elements of the
inverse sample-mean variance-covariance matrix as-
sociated with said second set of orbital parameter
signals,
eans responsive fo said adjusted first set of orbital
parameter signals and said first group of inverse
variance-covariance matrix signals for post-multiply-
Ing, in matrix multiplication fashion, said first group
of inverse variance-covariance matrix signals by said
adjusted first set of orbital parameter signals to ob-
tain a first set of weighted orbital parameter signals,
means responsive to said second set of orbital parame-

ter signals and said second group of inverse vari-

ance-covariance matrix signals for post-multiplying,
in matrix multiplication fashion, said second group
of inverse variance-covariance matrix signals by said
second set of orbital parameter signals to obtain a
second set of weighted orbital parameter signals,
first adding means responsive to said first and second
groups of inverse variance-covariance matrix signals
for obtaining a group of signals representing the ele-
ments of a first sum matrix each of whose elements is
the sum of corresponding elements of said first and
second inverse variance-covariance matrices,

means connected to said first adding means for obtain-

ing from said group of first sum matrix signals a

group of signals representing the elements of the

iverse of said first sum matrix,
second adding means supplied with said first and sec-
ond sets of weighted orbital parameter signals for

deriving a second group of sum matrix signals rep-
resenting the elements of a second sum matrix each

of whose elements is the sum of corresponding pairs
of weighted orbital parameters, and |

means responsive to said group of inverse first sum
matrix signals and said second group of sum matrix
signals for post-multiplying, in matrix multiplication
fashion, said group of inverse first sum matrix Sig-
nals by said second group of sum matrix signals to
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obtain a third set of signals representing elements of
a second matrix of orbital parameters of said satel-
lite at said second reference time, |

whereby said third set of orbital parameter signals is
more accurate than either said first set or said sec-
ond set of orbital parameter signals.

9. Apparatus for determining from a single sample of

a population of observed positions of a terrestrial satellite

a group of estimates of the sample-mean variances and

sample-mean covariances of the sample-mean population

comprising groups of mean values, each group of mean

values being derived from a single sample of said popula-

tion of observed positions of said satellite, which com-

prises

an input means for supplying a sample of the popula-
tion of observed positions of a terrestrial satellite,
said sample comprising a plurality of observed posi-
tions of said satellite,

means responsive to said sample of observed positions
for obtaining a set of n mean values representing
unbiased estimates of n orbital parameters of said
satellite,

means responsive to said sample of observed positions
and said set of mean values for deriving n sequences
of deviations, the m components of each of said se-
quences representing the differences between one of
said mean values and each of said observed posi-
tions in said sample from which said mean values

are derived,
nl
[’”’"‘(n—zn 21]

an array of
multipliers arranged in /=12, ... n rows and
j=1,2, . . ., n columns, wherein said ith row con-
tains (n4-1—1i) multipliers, said jth column contains
j multipliers, and each multiplier is provided with
two input terminals and an outpuf terminal,

means for applying each component of each of said
sequences of deviations in parallel to one of said
rows of multipliers and to one of said columns of
multipliers, wherein the ith sequence is applied to
both input terminals of the last multiplier in the ith
row and to one of the input ferminals of each of
the remaining multipliers in the /ith row, and wherein
the ith sequence of deviations is applied to one of
the input terminals of all of the multipliers in the
j=(i—1)th column,

a plurality of
, n!
[“’ " n—2)1 2!]

cumulative adding means for developing from the
sequence of product signals formed by each of said
multipliers a sum signal representative of the total
sum of all the components in each of said sequences
of product signals,

means for connecting the output terminal of each of
said multipliers to one of said cumulative adding
means,

first counting means for determining the number of
components, 72, in each of said n sequences of devia-
tions,

second counting means for determining the number of
components minus one, m—1, in each of said n se-
quences of deviations,

multiplying means provided with two input terminals
and an output terminal,

means responsive to the last component in each of
said sequences of deviations for connecting said first
counting means to one of the input terminals of said
multiplying means and said second counting means
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a plurality of dividers in one-to-one correspondence
with said plurality of cumulative adding means, each
of said dividers being provided with a dividend ter-
minal, a divisor terminal, and a quotient terminal,

means responsive to the delayed Ilast component in
each of said sequences of deviations for connecting
the output terminal of each of said cumulative add-
ing means to the dividend terminal of its correspond-
ing divider and for connecting the output terminal
of said multiplying means in parallel to all of the
divisor terminals of said dividers,

whereby the signals developed at the quotient terminals
of said dividers represent estimates of said sample-
mean variances and sample-mean covariances.

10. Apparatus for determining estimates of the posi-
tion and velocity of a terrestrial satellite from a plurality
of observed position signals, characterized in that

smoothing means obtain from selected pairs of said
observed position signals a plurality of sequences of
smoothed position signals and a plurality of se-
quences of smoothed velocity signals,

averaging means to which said plurality of sequences
of smoothed position signals and said plurality of
sequences of smoothed velocity signals are applied
obtain a plurality of mean value signals, one from
each of said sequences, and trend removal means
iteratively reduce the error in each of said mean
value signals to obtain estimates of the position and
velocity of said satellite.

11. Apparatus for combining two sets of signals rep-
resenting estimates of the orbital parameters of a terres-
trial satellite at the same reference time and two groups
of signals representing estimates of the sample-mean
variance-covariance matrices associated with each of said
sets of orbital parameter signals to form a set of weighted
average orbital parameter signals which is more accurate
than either of said sets of original orbital parameter
signals, characterized in that

means premultiply in matrix fashion each of said sets
of orbital parameter signals by the inverse matrix
of its group of variance-covariance signals to form
a pair of sets of weighted orbital parameter signals,

means add together the inverse variance-covariance
matrix signals to form a first group of sum signals,

means add together said pairs of sets of weighted
orbital parameter signals to form a second group of
sum signals, and

means premultiply in matrix fashion said second group
of sum signals by the inverse matrix of said first

group of sum signals to develop a set of weighted
average matrix signals.

12. Apparatus for determining from a large number
of position measurements at different observation times
the orbital parameters of a terrestrial satellite at a single
predetermined reference time which comprises
tracking means for deriving during a single pass of a
terrestrial satellite first, second, and third sequences
of observed position signals respectively representa-
tive of n slant ranges {D}={D,;, Dy, . . ., Dy},
elevation angles {E}={E;, Eo, . . . , E,}, and azi-
muth angles {A4}={A41, 45, . . . , Ay}, of said satel-
lite with respect to a reference point on the earth
at a sequence of n corresponding time of observa-
tion {r}={#, t3, . . . , t,}, during said pass,

means for converting said first, second, and third se-
quences of observed position signals {D}, {E}, {A}
to fourth, fifth, and sixth sequences of observed
position signals respectively representative of the
components {x}={xy;, Xs, . . . , Xp’,

{y}:{yh Y2 « o » :yn}:

{z}={z1, 2o, . . ., zn}, of a first sequence of n
observed position vectors {p}={p, P2y . . + 5 DPn}

referred to an inertial, geocentric, rectangular co-
ordinate system (x, y, z), where the components of
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the vector p; at the time of observation #; are (x;j,
Yis zj): j=1: 2: ¢« o o 3 N,
smoothing means for deriving from each of said fourth,
fifth, and sixth sequences of observed position sig-
nals first, second, and third sequences of smoothed
position signals respectively representative of the

components {#}, {y}, {z} of a first sequence of m

smoothed position vectors {p} and first, second and
third sequences of smoothed velooity signals respec-

tively representative of the components {25}, {7},
{%}, of a first sequence of m smoothed velocity vec-
tors {p}, where for n even, n=2m, and the compo-
nents of p; and p; are respectively

[z, U3, zi]=[%($i+xm+i): %(yi'l'ymﬂ‘): %(zi‘l'zmﬁ)]

mm-%-:

[mn Y iy 31]
m+,|

j=1, 2, ..., m, and where for n odd, n=2m-1,
and the components of p; and p; are respectively,
[z, ¥, 2;]=

[%(xi

1 1

Tnt1+j) =§(yi + Ymt143) ? '2'( 2; T Zmt14 ):l
= = T 1_1 Tmt+1+32L; Ymt1t+i— %

ER Y ZJ]—[tm*}-l-l-j'_ti, bmnt1+5—

=1, 2, .

zm—!—1+1 &j ]
b1+
means for determining from each pair of m smoothed

position and m smoothed velocity signals p;, pJ,
nodal longitude signal, Q;, and an angle of inclina-
tion signal, 1;, j=1, 2, ..., m,

means for averaging said m nodal longitude signals
and said m angle of inclination signals to obtain
a pair of orbital orientation angle signals respec-
tively representative of best estimates Q., I, of the
nodal longitude orbital parameter and the angle of
inclination orbital parameter of said satellite, at a
reference time ¢, during said pass, where

1 m
S
—mj=1 3

and for n even, n=2m,

3:, ym+1_y1 zm+i""'zi]
bt —t

m+1

and for n odd, n=2m-+1

° __ (Zt T2 j=m+2 )

means for determining from said pair of best estimate
orbital orientation angle signals Q, and I, seventh
and eighth sequences of observed position signals
respectively representative of components {r}, {6},
of a second sequence of n observed position vectors,
{P}={Py, Py, ..., Py}, referred to an inertial,
geocentric, polar coordinate system (r, 9) in the
orbital plane of said satellite, where the components
of Py are (r, 6;), j=1, 2, . . ., n,

second smoothing means for deriving from each of said
seventh and eighth sequences of observed position
signals fourth and fifth sequences of smoothed posi-
tion signals respectively representative of the compo-

nents {r}, {E}, of a second sequence of m smoothed
position vectors {P} and fourth and fifth sequences
of smoothed velocity signals respectively representa-

tive of the components {;"}, {6}, of a second sequence
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of m smoothed velocity vectors {P}, where for n

even, n=2m, and the components of P; and Pj are
respectively,

=[5t rass)s 20tain ]

] ?‘m+1 —7j Omt; — 8
?‘ i, 9 J __2; “‘"t
m+1 ' m+i i

and for n odd, n=2m-1, and the components of

P; and Pj are respectively,

7, E!]:[%(Ti+?'m+1+i)’ %(ej+9m+1+i)]

7]= I:?'m+1+;—?' Om+1+; —0; :I
J J
bmt1+i Cmtr4i— 1

means for averaging each of said fourth and fifth
sequences of smoothed position signals and each of
said fourth and fifth sequences of smoothed velocity
signals to obtain a group of first estimate signals
respectively representative of first estimates rq1, 6.1,
Fe1, Oc1, Of the orbital parameters r, 6, 7, ¢ of said
satellite at said reference time, #,, during said pass,
where

trend removal means for deriving from said group of
first estimate signals a set of first increment signals
Are1, Afq1, Afe1, Abeg, respectively indicative of the
error 1n each of said first estimate signals, said trend
removal means including

means for regenerating from said first estimate signals
first and second sequences of regenerated position
signals respectwely represenfative of the components
{r}t, {6}, of a first sequence of n re:-generated pOSi-
tion vectors {P}1={P;1, P,l, . . ., P,l},

means for subtracting each signal in each of said first
and second sequences of regenerated position signals
from the corresponding signal in each of said seventh
and eighth sequences of observed position signals to
obtain first and second sequences of difference signals
respectively representative of the components {Ar}1,
{A6}1, of a first sequence of n difference vectors
{APP={AP,}, AP,}, . .., AP_'}, where the com-
ponents of APy are

Aryl=r;—r;l
ﬁﬂjlzﬁj—"ﬁjl, j-——:l, 2, R (4

smoothing means for deriving from each of said first
and second sequences of difference signals a first set

of 1 sequences of smoothed difference signals, {Ar),
{4631, {a7}, {48},

means for averaging said first set of sequences of
smoothed difference signals to obtain said set of first
increment signals, Ar, Abe1, Afet, Mcl, and

means for comparing each of said increment signals
with a correspondlng preassigned small quantity
€r,€0,€ 1 €9, TESpeECtively, so that

said group of first estimate signals is utilized as best
estimates rg, 0, 7o, 6., Of the orbital parameters 7,

6, 7, 6 when each of said set of first increment

signals is smaller than its corresponding preassigned
small quantity, and
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said group of first estimate signals is applied to said
trend removal means when one or more of said
set of first increment signals is greater than its corre-
sponding preassigned small quantity to derive suc-
cessive sets of estimate signals and increment signals;
until there is obtained a set of kth estimate signals
Fers Ocks Tcks Ooxs k=2, 3, . . ., and a corresponding
set of kth increment signals Arcy, Aok, AFcrs Abcks
k=2, 3, . . ., in which each of said kth increments
is less than its corresponding preassigned small
quantity, where said set of kth estimate signals is
obtained by adding each of said (k—1)th increment
signals to the corresponding (k—1)th estimate sig-
nal from which it was derived,

Fek="Tc(k-1)T Are(k—1)
9ck=9c(k—1)-*ﬁQc(k_1)
Texk="c(k—1) T ATc(k—1)

and
cx="00c(k—1)+A0c(k—1)

13. Apparatus for determining from a large number of
position measurements at different observation times the
orbital parameters of a terrestrial satellite at a single pre-
determined reference time which comprises means for ob-
taining during each of a plurality of passes of a terrestrial
satellite a corresponding group of sequences of observed
position signals respectively representative of the positions
of said satellite at various times of observation during each
of said passes,

means for determining from each group of sequences of

observed position signals and times obtained during
each pass a set of orbital parameter signals indicative
of estimates of the orbital parameters of said satellite
at a single predetermined reference time during each
pass, where the set of estimates at the reference time
t; during the ith pass is denoted by the one-column
matrix, [ql;,

means determining from each group of sequences of ob-

served position signals and the corresponding set of
orbital signals for each pass a set of variance-covari-
ance signals representative of estimates of the sample-
means variances and sample-means covariances of
the population of sets of estimates of the orbital
parameters for each pass, where the set of estimates
of the sample-mean variances and sample-mean co-
variances associated with the set of estimates of the
orbital parameters for the ith pass is denoted by the
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symmetrical variance-covariance matrix [C];, and .

means for combining two of said sets of orbital param-
eters signals, an ith set, [q]; and an (i4+1)th set,

[q] i1 at reference times ¢ and %4, f11.1 >4, 10 form
a third set of orbital parameters signals indicative
of orbital parameter estimates

[q]i+1
at reference time #;, 1, said means for combining com-
prising

50

64
means for adjusting said ith set of orbital parameter

signal, [q];, to the reference time # +1, of said

(i+1)th set of orbital perimeter signals, [qli.y, tO
obtain a set of predicted orbital parameter signals,

[q li+1
at the reference time #;,;,

means for adjusting the reference time #; of the set of
variance-covariance signals assoclated with the earlier

pass, [C];, to the reference time, #;,;, of the later
pass, to obtain a set of predicted variance-covariance
signals representative of the sample-mean variances
and sample-mean covariances,

[Ci+1
associated with said set of predicted orbital parameter
signals,

[ Ji+1
and

means for forming a weighted average of said ith and
predicted sets of orbital parameter signals

[E]iﬂ and [&]H-l

and their associated sets of variance-covariance sig-
nals,

[Cli+1 and [Cli+s

in order to obtain a refined set of orbital parameter
signals representative of refined estimates of the
orbital parameters of satellite,

[q li+1

at the reference time #; ., said weighted average being
formed in accordance with the following equation,

[7lm=Cln+ [Cl( [Clinal gl + [é]xﬁ[é Jis1))
where
([l +eln)™
is the 1nverse of the variance-covariance matrix,
. [C i+t

associated with the set of estimates

[&]14-1: and [6]1: and [é];i
are the inverses of the variance-covariance matrices
[a]i-H and [é]i—i-l
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